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Abstract
Neutrino Physics in recent times has been going through a revolutionary pe-
riod. Measurements of neutrinos coming from the sun or produced by cosmic
rays in the Earth’s atmosphere have revealed that neutrinos “oscillate”, that is
they change their flavor periodically with time. The observation of this phe-
nomenon allows to obtain precious information on the neutrino masses and
their mixing, shedding information about the “flavor problem”, that is the ori-
gin of the fermion families and of the masses and mixing of quarks and leptons.
In these lectures we introduce the subject and review these recent develop-
ments.

1. INTRODUCTION

In many ways neutrinos are special particles, first of all they are several order of magnitude lighter than all
other fermions, and in fact no direct measurement has found evidence for a non zero neutrino mass: for all
detected neutrinos one has measured (within errors) p c = E. Neutrinos are also neutral, do not feel the
strong interactions, and interact only weakly, in fact extraordinarily weakly. For example the neutrinos
produced in nuclear reactors with energy Eν ∼ 1 MeV have a cross section of order σ ∼ 10−44 cm2,
this corresponds to a probability ∼ 10−18 to interact in a solid detector with the thickness of one meter,
or a probability ∼ 10−11 to interact inside the Earth traveling along a trajectory that passes through its
center.

Neutrinos are then “elusive” particles, but they also are very abundant particles in the universe, and
we do not notice them only because they interact so little. We live immersed in a bath of cosmological
neutrinos produced when the universe was hot and young, actually ‘immersed’ is probably not a good
expression because the neutrino densities inside and outside our bodies are essentially identical. The
average number density of cosmological neutrinos is nν ' 336 cm−3, and inside our galaxy it can
be much larger because of gravitational clustering effects (that are determined by the ν mass and are
not known). Approximately 60 billions of solar neutrinos, produced in the core of the sun by nuclear
reactions, cross each square centimeter of our body every second. A truly fantastic mumber of neutrinos
(∼ 1058) is emitted in few seconds following the gravitational collapse of a massive star that triggers
one supernova explosion. The sun and the closest supernova in the last three centuries (SN1987A in
the Large Magellanic Cloud) have been the first two astrophysical objects to be “seen” in neutrinos,
and in the (hopefully) not too far future, new detectors should be able to detect neutrinos from other
astrophysical sources, and neutrinos will become a new precious “messenger” from distant objects. The
smallness of the neutrino interaction cross section is at the same time the biggest problem for the newly
born science of neutrino astronomy, since very massive detectors are required to have appreciable event
rates, and also an extrardinary opportunity, because neutrinos can emerge from deep inside the core of
astrophysical objects, revealing directly the physical processes that operate there. For example solar
neutrinos come directly from the sun inner core, and directly tell us about the nuclear fusion reactions
that are the source of the solar luminosity, while the visible photons are emitted from the the surface with
a black body spectrum.

Neutrinos have two type of interactions, they can couple with a Z 0 boson, changing their 4-
momentum but keeping their identity (neutral current interactions), or they can couple with a W ± boson
“transforming” into one of the charged leptons e±, µ± or τ± (charged current interactions). Of course
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the interaction vertices can generate different type of processes. For example the vertex of W boson, a
neutrino and a charged lepton results in processes such as: a charged lepton transforming into a neutrino
with the emission of a (virtual) W boson, or a W boson that generates a neutrino charged lepton pair.
Because of the charged current processes one can define the concept of neutrino flavor. The flavor of a
neutrino is simply the type (that is the mass) of the charged lepton that is connected to the same charged
current vertex. For example in the decay of a (virtual) W − or W+ one conventionally writes:

W+ → `+ + ν` , W− → `− + ν` , (1)

where the label ` = e, µ, τ of the neutrino correspond to the mass (or type) of the charged lepton. The
distinction of ν and ν, and the ` label given to the neutrino has a very simple and clear experimental
justification. It has been found that a “νe”, defined according to the convention of (1), interacting close
to its creation point can only produce e− (and not a µ− or an e+), while a “νe” can only produce e+, a
νµ only a µ−, and similarly for the other neutrino types. For example a crucial experiment demonstrated
that the neutrinos produced in a pair with a µ+, close to their creation point can only generate µ− in the
sequence of processes:

π+ → µ+ + νµ ,

νµ + p→ µ− + hadrons .
(2)

In summary, both the flavor label and the “bar” notation have a well defined phenomenological meaning.

Neutrinos have half integer intrinsic angular momentum (or spin). The extraordinary discovery of
the 50’s has been the finding that all “ν” have their spin, within experimental uncertainties, anti-parallel
to their momentum, while for all “ν” the spin is parallel. In different words all, ν are left-handed, and all
ν are right-handed. This is at the basis of the “chiral nature” of the weak interactions, and is the source
of the effects of violation of parity observed in nature. This fact opens a fascinating possibility, namely
that the states ν and ν are the two different spin states of a two state “Majorana particle” that is the anti-
particle of itself, while all the other fermions are “Dirac particles” having 4 states (particle–antiparticle,
each with two independent spin states).

A remarkable physical effect, originally predicted by Bruno Pontecorvo [1] has been recently mea-
sured in neutrino physics, and is the existence of “flavor oscillations”. To understand this phenomenon
let us consider for a moment the decay of a (virtual) W boson into a quark pair. It is kown that this decay
is of type:

W− → u+ d′ , W− → c+ s′ , W− → t+ b′ , (3)

where for example the d′ quark that is produced in association with a u is a linear superposition of the
three quark states that have charge −1/3 and well defined mass: d, s and b (and similarly for s ′ and b′).
The states produced at the W vertices are connected to the mass eigenstates by the Cabibbo–Kobayashi–
Maskawa matrix [2]:
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It is natural to expect that this “mixing” phenomenon can also happen in the lepton sector, and the
neutrinos ν` produced in association with the charged lepton `− will not have a well defined mass but be
a linear combination of the states that have a well defined mass:
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where UPMNS is the Pontecorvo–Maki–Nakagawa–Sakata matrix [1,3], the leptonic analogous of the
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CKM matrix for quarks. In the case of neutrinos, because of the smallness of the neutrino masses a new
remarkable quantum-mechanical phenomenon can exist, that is the phenomenon of flavor oscillations. In
the case of quarks, the measurement of the final state can easily determine the mass of the quark, on the
other hand it is practically impossible to measure the mass of a neutrino, therefore the amplitudes for the
production of neutrinos with different mass must be added coherently. Since the amplitudes of different
mass components evolve differently with space and/or time, acquiring different quantum mechanical
phases, it follows than flavor is a periodical function of time. In other words if a neutrino of type νe is
produced at a point A, a measurement close point to this creation point will result in the production of
charged leptons of type e−, but at a more distant point B the very same neutrino can generate also µ−

or τ− particles if the quantum mechanical phases of its different components have become significantly
different fom each other. The closer the neutrino masses are to each other, the longer is the time needed
to have appreciable phase differences between the different components, and (since neutrinos travel at
approximately the speed of light) the probability for a transition to a different flavor becomes significantly
different from zero only for a long distance between the production and detection points. On the other
hand, experiments with long pathlength allow the measurement of tiny mass differences between the
neutrinos.

The remarkable development of the last few years has been the discovery of the phenomenon of
flavor oscillations with two type of experiments detecting “atmospheric” and solar neutrinos. The results
are consistent with each other, and can be interpreted to give us very constraining information about the
neutrino mass splittings and mixing. Additional controversial indications of flavor transitions of type
νµ → νe have been obtained by the LSND experiment.

These lectures present an introduction to the physics of neutrinos, with particular attention to the
discovery of the flavor transitions. The work is organized as follows: in the next Section we discuss
general properties of neutrinos, Section 3 gives a rapid overview of the sources of neutrinos in nature,
Section 4 discusses the phenomenon of flavor oscillations in vacuum, Section 5 discusses in more detail
the quantum mechanics of oscillations, Section 6 discusses neutrino oscillations in matter, Sections 7 and
8 discuss the observations of atmospheric and solar neutrinos, Section 9 and 10 additional observations
of reactor and accelerator neutrinos, Section 11 discusses double beta decay, Section 12 presents a phe-
nomenological summary on flavor transitions, Section 13 very briefly discusses model for the neutrino
masses.

The bibliography on neutrino physics is very rich. Several good textbooks exist on the subject, for
example [4–6]. Recent lectures/reviews of the subjects are: [7–13]. In order to follow the developments
of the field two very useful sites on the web are [14] and [15].

2. GENERAL PROPERTIES OF NEUTRINOS

2.1. Neutrino Flavors:

In the standard model of particle physics there are three neutrinos flavors. Each neutrino completes a
doublet with the corresponding charged leptons. For example a W + gauge boson can couple to the three
neutrino/charged-lepton pairs:

W+ → e+νe ,

→ µ+νµ , (6)

→ τ+ντ .

The label associated to the neutrinos correspond to the flavor, that is the mass of the charged lepton
produced in association.
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Electron neutrinos

Historically the first evidence of the neutrinos appeared in the study of nuclear beta decay in the
1920’s. Beta decay is a form of radioactivity where a primary nucleus (A,Z) decays into a lighter
secondary one of the same mass number but charge differing by one unit, and an electron (or positron)
and nothing else visible:

(A,Z) → (A,Z ± 1) + e∓ + nothing else visible . (7)

An example is this process is the decay of a free neutron into a proton and an electron with a lifetime of
approximately 15 minutes (886.7 sec). In the absence of additional invisible particles in the final state,
the e∓ should have a well defined energy Ee ' Q ≡ Mi −Mf , on the contrary experimentalists found
a continuum spectrum ranging from me up to the maximum allowed energy Q. Various explanations
were offered for this anomaly (Niels Bohr even arrived to speculate about the possibility that energy
conservation was violated) until in december 1930 Wolfgang Pauli suggested that a non-observed particle
was emitted in the reaction. This unobserved particle had to be neutral (to conserve electric charge), very
light (since Ee,max ' Q) and with spin 1/2 (to satisfy angular momentum conservation and statistics).
In modern notation beta decays are now considered as the processes:

n→ p+ e− + νe ,

A(Z,N) → A(Z + 1, N − 1) + e− + νe , (8)

A(Z,N) → A(Z − 1, N + 1) + e+ + νe .

Soon after the proposal of Pauli, Enrico Fermi [16] proposed a model of beta decay (and weak interac-
tions in general) in terms of the product of two weak “currents”, one connecting the initial and final state
nucleons, and the other one the final state electron and anti-neutrino. The strength of the interaction was
related to the coupling strength GF . In Fermi’s theory the two currents connected at the same space-time
point, assuming that the interaction was very short ranged. In modern language the Fermi constant GF

can be understood as the effect of the exchange of a virtual but massive heavy “photon”, that is the gauge
boson W± with a mass MW ' 80 GeV. The weakness of the weak interaction can be understood as the
effect of the large mass (and corresponding short range) of the W boson with GF ' e2/M2

W , or more
exactly:

GF√
2

=
1

8

(
e

sin θW

)2 1

M2
W

, (9)

(where θW is the Weinberg angle). Fermi’s theory could successfully describe the observed spectra of
electrons and positrons emitted in beta decays, and at the same time it could predict the existence of other
processes involving the “weak currents”, in particular the existence of the “inverse β decay” processes
such as:

νe + p→ e+ + n ,

νe + n→ e− + p .
(10)

The cross section for these processes could be predicted and found to be extremely small. The detection
of neutrinos therefore remained elusive for more than 20 years, until the results of Reines and Cowan [17]
in 1956. They used the nuclear reactor at Savannah River in South Carolina as an anti-neutrino source
and a detector of water with dissolved cadmium chloride; the detection technique was the coincident
(with a few µsec delay) observation of a positron emitted in the reaction ν e +n→ e+ +n, together with
a photon emitted in the deexcitation of cadmium after the neutron capture: n+ 112Cd → 113Cd + γ. In
1996 Fred Reines received the Nobel prize in physics for this discovery. The study of β decays allowed
to establish the “chiral nature” of neutrinos, the V –A structure of weak interactions, and the existence of
Parity non-conservation effects in the weak interactions.
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Muon neutrinos

Muon neutrinos and anti-neutrinos are produced pion and muon decay:

π+ → µ+ + νµ , (11)

µ+ → e+ + νe + νµ . (12)

When the decay π± → µ± +ν was discovered it was natural to ask the question if the undected particles
produced in the decay were identical with the neutrinos produced in β decay. This problem was solved
experimentally in 1962 by L. Lederman, M. Schwarz and J. Steinberger [18] who performed the first
experiment with accelerator neutrinos. Bombarding a Beryllium target with a 15 GeV primary proton
beam, they produced a beam of pions, that because of the decay was the source of a neutrino beam, and
then studied the interaction with nucleons of type νµ +N → µ− +X or νµ +N → e− +X . Only the
first type of interactions were found, demonstrating that νe and νµ are different particles. The reason why
the decay π+ → e+νe that has a larger phase space available is strongly suppressed (with a branching
ratio ∼ 10−4) is connected to the V −A nature of the weak interaction, see later in Section 2.4.

Tau neutrinos

The ντ is associated to the third charged lepton, the τ− discovered in 1975 at Stanford. Tau neutrinos
and anti-neutrinos are expected to be produced in τ± decays.

τ− → ντ +W− ,

→ ντ + e− + νe ,

→ ντ + µ− + νµ ,

→ ντ + [us′] .

(13)

2.2. Number of light neutrino species

How many families of quarks and leptons exist in Nature? The number of light neutrino species that
have the usual electroweak interactions can be determined studying the process:

Z0 → να + να . (14)

The partial width of this decay Γνν is accurately calculable in the standard model:

Γνν̄ = 166.9 MeV (15)

and therefore the Z will have a branching ratio into invisible final states that is proportional to the number
of light neutrino species:

Γinvisible = Nν Γνν . (16)

The invisible width can be obtained experimentally subtracting the contributions of all visible channels
from the measured total width:

Γinvisible = Γtot − Γvis = 498 ± 4.2 MeV . (17)

This can be interpreted [19] as the result that the number of the light, active ν species is:

Nν =
Γinv

Γνν̄
= 2.994 ± 0.012 . (18)
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2.3. Sterile neutrinos

Equation (18) gives the number of light particles that have the standard properties of neutrinos with
respect to the weak interactions, and therefore does not apply to “sterile neutrinos”. A sterile neutrino is
a particle that is a singlet with respect to the SU(3) ⊗ SU(2) ⊗ U(1) group of the standard model, but
that is mixed or related to neutrinos. As an example (among many) of sterile neutrinos one can consider
the “Exact Parity Model” [21], where the gauge group of the universe has the form:

G = GL
1 ⊗ GR

2 = [SU(3) ⊗ SU(2) ⊗ U(1)]1 ⊗ [SU(3) ⊗ SU(2) ⊗ U(1)]2 , (19)

and each fermion has a mirror partner, so that the the ordinary fermions are singlet with respect to the
subgroup GR

2 , while the mirror particles are singlet with respect to GL
1 . Because of the existence of the

mirror particles the model is symmetric with respect to parity. In this model there are three “mirror
neutrinos”, that do not interact with the ordinary W and Z bosons and are coupled only to the mirror
gauge bosons W̃ and Z̃. Clearly the bound (18) is not relevant for these particles. It can be shown that
in this model the eigenstates of the Hamiltonian are linear combinations of type ν1,2 = (ν ± ν̃)/

√
2 of

standard and sterile states, and therefore one expects for all all three flavors oscillations ν` ↔ ν̃` (with a
mixing angle ' 45◦).

An (indirect) limit on the existence of sterile neutrinos mixed with ordinary ones comes from
cosmology, and in particular from Big–Bang nucleosynthesis. From the measured primordial abundances
of helium-4 and other light nuclear species, one can obtain an estimate of the energy density of the
universe at the epoch of nucleosynthesis, that can be translated in an estimate of N eff

ν that is equivalent
number of light (m < 1 MeV) species that are in thermal equilibrium at this epoch. For a larger N eff

ν the
evolution of the universe becomes faster and the helium abundance grows. From the observed primordial
helium abundance one can then extract an upper limit:

N eff
ν < 3.3 , (20)

(but perhaps more conservatively 4 ν species can still be tolerated). In the absence of mixing, sterile
neutrinos that interact only extremely weakly will not be in thermal equilibrium with the cosmic soup at
the nucleosynthesis epoch, and therefore the limit (20) cannot in general exclude their existence, however
oscillations between standard and sterile neutrinos can generate a significant population of sterile neutri-
nos. If the mixing is sufficiently large and the oscillations sufficiently fast (that is if the mass differences
are sufficiently large) one can violate the bound (20). Therefore the bound (20) be used to set limits on
the existence of oscillations between standard and sterile neutrinos.

2.4. Chirality and Helicity

It has been observed that all neutrinos have (within errors) spin parallel to their momentum, while for
anti-neutrinos spin and momentum are antiparallel. This is a consequence of the V − A structure of
the weak interaction. In this theory the spinor of the fermions (anti-fermions) produced in a W ± vertex
are projected with (1 ∓ γ5) (γ5 is a Dirac matrix). In words, particles are produced in weak interaction
vertices with a well defined chirality. For a particle with m/E small, a state of left chirality (that is the
projection (1 − γ5)) corresponds to an amplitude ∼ 1 of having the spin antiparallel to the momentum
and an amplitude ∼ m/E of having the opposite spin state. For right chirality the situation is reversed.
Clearly in the case of massless particles chirality (that is the (1 ± γ5) projections of a fermion state),
and helicity (that is the projection of the spin parallel to the fermion momentum) coincide, however in
general the two concepts are different, and this difference can have very important consequences.
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An an example one can consider the decay of the charged pion. This decay has two possible modes:

π+ → µ+ + νµ ,

π+ → e+ + νe .

The strong suppression of the second mode, is an outstanding manifestation of the V − A nature of the
charged current weak interactions, and a clear illustration of the difference between the chirality and the
helicity. Let us consider (see Fig. 1) the decay of pions at rest: π+ → `+ + ν`. The V − A structure

π+
+

e+νe
pp eνe

S Sνe e +

Fig. 1: Charged pion decay in the rest frame of the pion.

of weak interactions requires the emitted ν` to be of left handed chirality. For mν ' 0 this also means
that it has the left handed (or negative) helicity (spin antiparallel to its momentum). Conservation of total
angular momentum then requires `+ to be of negative helicity. However, the `+ is an antiparticle, and
again for the V −A structure of weak interactions it must be produced in a state of right-handed chirality.
Therefore the amplitude of the process must be proportional to the admixture of left handed (negative)
helicity for a right-handed chirality charged-lepton, that is proportional to its mass: A(π+ → `+ +ν`) ∝
m`. Including phase space effects ∝ (m2

π −m2
`) one has the expectation:

Rπ ≡ Γ(π+ → e+ + νe)

Γ(π+ → µ+ + νµ)
=

(

me

mµ

)2 (
m2

π −me

m2
π −m2

µ

)2

= 1.28 × 10−4 . (21)

In agreement (after including a 4% radiative correction) with the experimental value: Rπ = (1.230 ±
0.004) × 10−4.

2.5. Limits on the Neutrino masses

Direct Measurements

A direct measurement of the neutrino masses is in principle possible, with kinematical methods,
determining the momentum and energy of a neutrino. These methods have only produced upper limits
for the neutrino masses [19].

For νe (or more precisely νe) the most sensitive method is the study of the shape of the high energy
part of the β decay spectrum. The “end point” of the spectrum (the highest kinematically allowed energy
for the electron) depends on the ν mass (Emax

e ' Q−mν). The most studied decay (because of a low Q
value) is the decay of Tritium:

3H → 3He + e− + νe . (22)

The current limits1 are

mν1 < 2.5 eV at 95% c.l. (Troitsk) ,

< 6 eV at 95% c.l. (Mainz) , (23)

< 15 eV at 95% c.l. (PDG suggestion) .
1ν1, ν2 and ν3 are the primary mass components of νe, νµ and ντ , respectively.
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A limit on the mass of νµ can be obtained studying the decay π+ → µ+νµ. In the pion rest frame
the momentum of the muon is:

E∗
µ =

m2
π± +m2

µ −m2
ν

2mπ±
. (24)

The neutrino mass can be obtained from measurements of the masses mπ, mµ and the momentum pµ of
the final state muon in the pion rest frame. This results in an upper limit:

mν2 < 170 keV at 90% c.l. . (25)

For ντ the limit is obtained measuring the missing 4-momentum is decays like τ− → 5π±ντ

where all particles except the neutrino are measures. This results in the limit:

mν3 < 18.2 MeV at 95% c.l. . (26)

Neutrinoless double beta decay

The non observation of the neutrinoless double beta decay allows to set a limit on the combination:

〈mνe〉eff =
∑

j

U2
ej mj

<∼ 0.4 eV , (27)

(for more discusson see Section 11.). This limits applies only to the case where neutrinos are Majorana
particles (see Section 2.6). Note also that the limit depends on the neutrino mixing matrix and since
the Uej are complex numbers cancellations are possible and 〈mνe〉eff is a lower limit for the highest
neutrino mass.

Supernova SN1987A

The measurements of a small number of νe from supernova 1987A in february 1987 has allowed
to obtain a limit mνe

<∼ 20 eV (see Section 3.2).

Cosmological limit

The most stringent limits on the neutrino masses can be obtained from cosmology (for more dis-
cussion see Section 3.1). The energy density in neutrinos can be very reliably estimated as:

Ων =
ρν

ρc
=

1

h2

∑

j mj

93 eV
, (28)

where ρc is the critical density that makes the universe flat, and h ' 0.65 is the Hubble constant in units
of 100 Km/s/Mpc. The measured flatness of the universe gives a limit Ωtot h

2 <∼ 0.4 that results in:
∑

j

mj
<∼ 37 eV . (29)

A more stringent (but more model dependent) limit can be obtained from studies of structure formation
in the universe. From these studies emerges a broad consensus that most of the energy density of the
universe is in form of “dark energy” (ΩΛ ∼ 0.7), and “cold dark matter” (ΩCDM ' 0.25), leaving
only a smaller amount available for neutrinos Recent measurements of the anisotropies of the Cosmic
Microwave Background Radiation by WMAP [20] have been interpreted as giving a limit on the contri-
bution of Hot Dark Matter in the universe:

Ων h
2 ≤ 0.0076 (95% C.L.) . (30)

This corresponds to the limit
∑

j mj ≤ 0.7 eV.
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2.6. DIRAC or MAJORANA particles ?

Can neutrinos be their own antiparticles? If this is the case they are “Majorana” particles, if not they
are “Dirac” particles like the quarks and the charged leptons. It is known experimentally that neutrinos
emitted in β− decay (which we conventionally call νe) are not captured in reactions which are caused
by νe. That is the sequence of reactions:

n→ p+ e−+ νe

νe + 37Cl → 37Ar + e− non observed
(31)

is not observed even if the reaction νe + 37Cl → 37Ar + e−, does exist in nature. This does not
imply that νe and νe are different objects, because the weak interactions that are responsible for neutrino
interactions are chiral (or have a V − A structure). The particles which we call ν e are right-handed,
while the particles that are absorbed by 37Cl are left-handed, and therefore the non observation described
in (31) could simply be due to a strong dynamical suppression (of order ∼ (mν/E)2), even if νe and
νe are in fact the same object. The sequence of reactions described in (31) is therefore possible if two
conditions are met:

• νe and νe are identical particles (that is the neutrino is a Majorana particle)

• The neutrino mass is non vanishing, so that the helicity suppression is large but not complete.

Something like the sequence of reactions in (31) could be obsedrvable in the process of neutrinoless
double beta decay (see Section 11.), and the study of this process appears the best way to verify the
nature (Dirac or Majorana) of the neutrino.

3. NEUTRINO SOURCES

Neutrinos are very common particles in the universe, and play a very important role in many objects
and events in astrophysics and cosmology. Figure 2 shows a plot of the energy spectrum of neutrinos
that reach the surface of the Earth. The spectrum extends for more than 20 orders of magnitude in both
energy and intensity. “Naturally” produced neutrinos have several components: particle accelerators.

3.1. Cosmological Neutrinos

The relic neutrinos, i.e. the neutrinos left over from the early epochs of the evolution of the universe, have
a number density of about 56 cm−3 for each neutrino species (νe, νe, νµ, νµ, ντ , ντ ) and a black-body
spectrum with a temperature Tν ' 1.947 Kelvins (or an average kinetic energy of 5 × 10−4 eV). [For a
general review of cosmology see for example [22,23].]

The spectrum of relic photons from the big bang has been well studied by the COBE satellite and
other detectors and has a temperature T now

γ = 2.728 Kelvin. This corresponds to a number density:

nγ =
2

(2πh̄)3

∫

d3pγ
1

eE/T − 1
' 412 cm−3 . (32)

An analogous neutrino spectrum must exist from the early universe. In fact, when the universe was
sufficiently hot, neutrinos where kept in equilibrium with the photons with reactions such as γγ → νανα.
Neutrinos dropped out of thermal equilibrium when the temperature dropped below T ∼ 1010 Kelvin,
and from this point remained essentially decoupled from the rest of the universe, but proceeded to cool
as the universe expanded. The neutrino temperature is cooler than the photon one, because the photon
component was “reheated” by the annihilation of the electron and positron components of the ‘cosmic

123



Fig. 2: Flux of neutrinos at the surface of the Earth. The three arrows show the energy thresholds for charged current interactions

on a free proton target. The line that refers to cosmological neutrinos assumes that the neutrino mass is vanishing. For massive

neutrinos the flux is modified since gravitational clustering enhances the density, the ν velocity is decreased and the energy

spectrum is modified. The line that refers to Supernova neutrinos describes νe. Different neutrino species have similar spectra,

with differences difficult to appreciate in the figure. The line that describes geophysical neutrinos includes the 238U and 232Th

decay chains, the flux weakly depend on geographycal location. The atmospheric neutrino fluxes are calculated for the Kamioka

location. Only the lowest energy part depends on the location. A range of prediction for the flux of astropysical neutrinos is

shown.
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soup’ that happened at a temperature Tγ ' me. Since the entropy of the photon gas after the e±

annihilation is equal to the sum of the entropy of the three components (γ,e+,e−) before annihilation,
one has2:

T 3
γ × 2 = T 3

ν ×
[

2 + 4 × 7

8

]

(33)

or

Tν =

(
4

11

) 1
3

Tγ . (34)

This corresponds to a neutrino number density:

nν =
1

(2πh̄)3

∫

d3p
1

eE/T + 1
' 56 cm−3 . (35)

Note that in the last equation we have considered a single spin state for the neutrino. If the neutrino is
massive and is a Dirac particle, also an additional neutrino (and anti-neutrino) spin state exists, however
since these ‘wrong helicity’ states are singlet with respect to the standard model, they interact extremely
weakly, and are present in negligible number in the cosmic soup, so that the neutrino number density of
neutrinos does not depend on whether they are Dirac or Majorana particles. For completeness we also
observe that our derivation of the neutrino number density has assumed that nν ' nν . More in general, it
is possible to construct models where the universe has a large net lepton number and (nν−nν)/(nν +nν)
is large. In these cases the neutrino number density is modified.

The cosmological neutrino energy density depends critically on the ν masses. For mν � T now
ν '

1.6 × 10−4 eV, the kinetic energy of the neutrinos is negligible and the ν energy density is simply
ρν = mν nν . In units of the critical density ρc = 3

8πGH
2 (the density that makes the universe flat)

one has:

Ων =
ρν

ρc
=

1

h2

∑

j mj

93 eV
, (36)

where h ' 0.65 is the Hubble constant in units of 100 Km/sec/Mpc. Measurements of the age of the
universe and of its expansion rate give a limit Ωh2 <∼ 0.4 that sets the most stringent limit on the neutrino
masses. On the other hand equation (36) tell us that if the neutrinos masses are of order of few eV’s or
more they can be an important, or even the dominant component of the dynamics of the universe solving
the so called “Dark Matter Problem”, one of the most important puzzles in Physics today.

If neutrinos are an important component of the mass of the universe they also play a crucial role
in the formation of its observed structures (galaxies, clusters of galaxies, and larger scale coherent struc-
tures). At early times the universe was extremely smooth as demonstrated by the tiny amplitude of the
temperature fluctuations of the cosmic microwave background radiation across the sky, gravity however
enhances the density contrast of the irregularities in the density field, generating the observed structures.
The outcome of this evolution depends on the initial spectrum of density fluctuations, but also on the
composition of the cosmic fluid. If the matter that composes the cosmic fluid can move around easily, it
can wipe out the fluctuations of the smaller scales. Neutrinos that are weakly interacting and that, because
of their small mass, remain relativistic until later times are very efficient at erasing the initial fluctuations
up to large scale, while other forms of dark matter, for example the WIMPS (Weakly Interacting Massive
Particles) that move more slowly because of their larger mass are less efficient.

The recent measurements of the anisotropies of the Cosmic Microwave Background Radiation
by WMAP [20] have been interpreted as giving a limit on the contribution of Hot Dark Matter in the
universe: Ων h

2 ≤ 0.0076 (at 95% C.L.). This corresponds to the limit
∑

j mj ≤ 0.7 eV.
2The entropy per unit volume of a bosonic degree of freedom is sB = (2π2/45) T 3, and for a fermionic degree of freedom

is sF = (7/8) sB .
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Limits on sterile neutrinos

Big bang nucleosynthesis [25] in one of the pillars of cosmology. According to the theory
four elements: deuterium, helium-3, helium-4 and lithium-7 were formed when the universe was hot
(T ∼ 1 MeV) and young (t <∼ 100 seconds). The calculated abundances of these elements, depend on
the baryon density of the universe, and to reproduce the observed abundances one needs to conclude that
baryonic matter is only a small fraction of the present energy density of the universe. This calculation
allows also to put a limit on the “effective number” of light species (or “neutrinos”) in the universe. The
fraction of the baryonic mass that is transformed into helium (that is observed to be approximately 25%)
grows with the number of effective neutrino species. This can be understood qualitatively observing
that the evolution of the universe is speeded up if more particles species are present and the density is
therefore larger, in a faster expansion the neutrons in the cosmic soup have less time to decay and end up
forming more helium. Comparing the calculation with the observed helium abundance one obtains the
result:

N eff
ν

<∼ 3.3 . (37)

As discussed before, the measurements of the width of the Z boson at LEP set a very stringent limit on
the number of neutrinos Nν = 2.994 ± 0.012, however the cosmological limit is more general because
it applies to all light particle that are in thermal equilibrium in the universe, independently from their
interaction properties, and therefore it applies to standard (or active) neutrinos, but also to any other light
particles, including for example “sterile neutrinos”.

Does then the bound (37) rule out the existence of light sterile neutrinos, such as those implied
by the LSND results? It is not necessarily so. The limit refer to a particle in thermal equilibrium with
the soup of photons electrons and positron at the epoch of nucleosynthesis. A light sterile neutrinos
that is interacting “super-weakly”, can only be put in thermal equilibrium with the rest of the matter by
oscillations with ordinary neutrinos. Therefore the bound is effective only if the mixing of the sterile
neutrino with an ordinary one is sufficiently large and if the squared mass difference is sufficiently large
(so that oscillations have time to develop). Oscillations in the dense medium of the universe are controled
by subtle matter effects whose calculation is still controversial, it is therefore still not clear what is the
precise range of mixing parameters that can be excluded with the cosmological bound (37), and if they
are in contrast with explanations in terms of sterile neutrinos of the LSND result3 .

A very interesting topic that we cannot cover here is the role that neutrinos could play in baryo-
genesis. The observed excess of baryons over antibaryons in the universe may be related to decays of
heavy Majorana neutrinos. For a review of the physics of cosmological neutrinos see [28].

3.2. Supernovae

Type II Supernovae explosions (for reviews and references see [29]) mark the end of the life of massive
stars (with M >∼ M�) that have developed an iron core surrounded by several onion-like burning shells
and an outer envelope of hydrogen and helium. Iron is the most strongly bound nucleus in nature, and
no additional burning can generate energy to support the star core. A stellar iron core is supported by
the electron degeneracy pressure, a quantum mechanical effect related to the Heisenberg uncertainty
principle: ∆p∆x ' h̄, that gives momentum to fermions squeezed in a small volume. When enough
‘nuclear ash’ has accumulated, and the iron core of the star reaches the Chandrasekhar limit of ∼ 1.4 solar
masses, it becomes unstable, and collapses. The collapse is very rapid (can be approximated by free fall)
and lasts only a small fraction of a second. The compressed core heats, ‘boiling’ the iron nuclei into
separate nucleons, then it becomes energetically favorable to capture the electrons on free protons in the

3More conservative analysis conclude that the bound of nucleosynthesis can be relaxed to N eff
ν < 4, in this case one light

sterile neutrino can certainly exist without conflict with cosmological data.
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neutronization process
e− + p→ n→ νe , (38)

that converts nearly all protons in the collapsing core into neutrons. The νe produced in these reaction
rapidly escape from the core generating a “neutronization burst” of νe’s. When the collapsing core
reaches nuclear density (at a radius R ∼ 10 Km) the implosion is halted because of the stiffness of
nuclear density matter. At this point a shock wave is formed that propagates outward ejecting the outer
layers of the star and producing the spectacular visible explosion. The newly formed proto-neutron star
has a radius Rn.s. ' 10 Km (and therefore the density is of the same order of nuclear matter), and
contains a kinetic energy of order

Ekin = −Egrav =
GM2

Rn.s.
' 3 × 1053 erg . (39)

Nearly all (99%) of the energy is radiated away in the form of neutrinos, with only ∼ 1% going into
producing the spectacular explosion as kinetic energy of the ejected layers and electromagnetic radiation.
It is likely that the neutrinos emitted by the proto neutron star play a crucial role in the explosion,
depositing enough energy near the outward propagating shock to “push” it out of the star, generating the
explosion.

All six neutrino species contribute approximately equal to the energy outflow, since they are pro-
duced in the hot core by “flavor blind” processes like γγ → νανα. The energy spectra are thermal, with
average energies 〈E(νe)〉 ' 11 MeV, 〈E(νe)〉 ' 15 MeV, and 〈E(νµ,τ )〉 ' 〈E(νµ,τ )〉 ' 25 MeV.
The neutrino emission lasts a time of order ∆t ' 10 seconds that is determined by the time needed for
neutrinos to “random walk” out of the core undergoing many scatterings in the dense material4. The
different average energies of the different components are the consequence of the different cross sections
for elastic scattering with electrons (that still exist in the star). Electron neutrinos have the largest cross
section, and are emitted from closer to the surface of the stars, while νµ,τ ’s and νµ.τ with a smaller cross
section are emitted from deeper inside the stars and are “hotter”.

The theory of neutrino emission in supernova explosions has had a dramatic confirmation the 23rd
february 1987, when the neutrinos and the radiation of supernova (SN1987A) that had exploded 170,000
years before in the Large Magellanic Cloud (a small satellite galaxy of our Milky Way) reached the Earth
(see Fig. 3). Two detectors: Kamiokande in Japan and IMB in the US detected [30] a few events (11
Kamiokande, 7 IMB) in coincidence with each other and in a time interval of 13 seconds. These events
that can be interpreted as the detections of positrons from the reaction ν e + p = e+ + n. From the
number and energy spectrum of the observed events, it is possible to extract (with large statistical errors)
a fluence and a temperature for the νe emitted by the supernova with results in reasonable agreement
with the theoretical predictions.

The handful of events detected from SN1987A have allowed to determine (or put limits) on several
neutrino properties, and in particular on it mass. The velocity of a neutrino is given by:

v =
pν

√

p2
ν +m2

ν

' 1 − m2
ν

2E2
ν

. (40)

Therefore two neutrinos of different energy emitted at the same time from a source at a distance L will
reach the detector with a relative time delay:

∆t = t1 − t2 =
L

v1
− L

v2
' L

(

m2

2E2
2

− m2

2E2
1

)

. (41)

4Most of these interactions are elastic scatterings with the neutrons in the star, where the energy of the neutrino changes,
but little energy is transfered because of the neutron mass is much larger than the neutrino energy.
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Fig. 3: Time and energy of the events detected the 23rd of february 1987 by the Kamiokande and IMB detectors that are

associated with the explosion of the supernova SN1987A in the Large Magellanic cloud, approximately 170 thousand light

years away.

Inserting appropriate numerical values one can see that for a mass of 10 eV, a 10 MeV neutrinos emitted
from SN1987A (L ' 55 Kpc ' 1.7 × 1021 cm) will have a delay of 2.8 seconds with respect to a
high energy neutrino. An analysis of the data, shows no correlation of energy with time of arrival, and an
overall duration of the signal in agreement with prediction, and therefore no indication of a non vanishing
mass. From these considerations one can obtain a conservative limit:5

mνe
<∼ 20 eV. (42)

3.3. Stars

Neutrinos are copiously produced in thermonuclear reactions which occur in the stellar interior and in
particular in our sun. The reaction that liberates nuclear binding energy is the effective fusion reaction

4p+ 2e− → 4He + 2νe + 26.73 MeV.

So the sun luminosity implies a νe flux at the Earth of approximately 6 × 1010 (cm2 s)−1. The detailed
spectrum of the emitted neutrinos depends on the “path” taken by the nuclear reactions to burn hydrogen
into helium. Most of the solar neutrinos have energy below 0.41 MeV, but a smaller component (of order
5 × 106 (cm2 s)−1) due to the beta decay of boron-8 extends up to 14 MeV, and plays a very important
role in the detection of solar neutrinos. The measurements of solar neutrinos and their implications are
discussed in Section 8.

3.4. Natural Radioactivity neutrinos

The Earth emits approximately 40 TeraWatt of energy, approximately 40% of this energy outflow is
due to the decay of radioactive nuclei, 90% of this is due to decay chains due to the Uranium and
Thorium decay chains. A 238U nucleus initiates a cascade of 8 α and 6 β transitions that terminates in

5This limit corresponds to the assumption that electron neutrinos have a single dominant mass component.
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the stable nucleus 206Pb, while 232Th initiates a cascade of 6 α and 4 β transitions that terminates with
208Pb. In each β decay is emitted a νe, with a maximum energy of 3.27 MeV. These decays induce at
the surface of the Earth a flux of ∼ few × 106 (cm2 s)−1. The flux will depend on the location of a
detector, because we expect that chemical processes during the formation of the Earth have concentrated
Uranium and Thorium in the Earth’s crust and (less strongly) mantle, depleting the core. Since the
thickness of the crust is variable (being thicker under the continents and thinner under the oceans) the
flux is dependent on detector location, for example being larger in Italy than in Japan. The high energy
tail (above the threshold energy of 1.8 MeV) of this “geophysical” ν e flux can be in principle observed
studying the capture on free protons followed by the detection of the neutron capture: (ν e +p→ e+ +n,
n + p → γ + d). New large mass detectors for the first time have a chance to measure the geophysical
neutrinos. The KamLand detector in the Kamioka observatory in Japan with 1 Kton of CH2 scintillator
could measure a predicted rate of 50–100 events/year, while the Borexino detector in Italy with 300
tons of C9H12 scintillator could measure a rate of 10–20 events/year. These measurements can give
information on the geophysical structure, dynamics and evolution of the present Earth [31].

3.5. Atmospheric Neutrinos

The Earth receives an approximately isotropic and constant flux of cosmic rays (with an intensity of
approximately 0.5 particles/(cm2 sec sr). The primary cosmic rays, interacting in the upper atmosphere
generate a number of secondary particles including charged pions and kaons that in turn generate neutri-
nos in decays of the type

π+ → µ+ + νµ, µ+ → e+ + νe + νµ (43)

(and charged conjugate decays).

3.6. Astrophysical Neutrinos

Until today two astrophysical objects have been observed in neutrinos, the sun and the supernova
SN1987A. In the future one expects the detection of other astrophysical sources of very high energy
neutrinos. Very large (Km3) neutrino telescopes [32,33] are currently under construction for the detec-
tion of high energy astrophysical neutrinos with Eν

>∼ 1012 eV (that is a Tera-electronVolt (TeV) and
beyond). The motivation [32–33] for the existence of these very high energy neutrinos is the fact that
fluxes of cosmic rays up to energy as high as 1020 eV are known to exist, and therefore must be pro-
duced somewhere, even if their sources have not been clearly established. Perhaps the best candidates
as sources of the “Ultra High Energy” (UHE) cosmic rays are Active Galactic Nuclei or Gamma Ray
Bursts. Our poor understanding of the origin of the cosmic rays is mostly due to the fact, that electrically
charged particles are bent in the galactic (| ~Bgal| ' 3 µGauss) and inter-galactic magnetic fields and
therefore do not point back to their sources. It is natural, in fact essentially unavoidable that the sources
of UHE cosmic rays sources are also sources of neutrinos. This can be easily understood observing that
in general a cosmic ray accelerator must contain a non negligible amount of “target material” in the form
of gas, or also of photons in an environment filled with high densities of radiation. When an accelerated
proton interacts with a target particle it will produce several charged pions (and kaons) that will then
decay into neutrinos (with chains such as π+ → µ+νµ followed by µ+ → e+νeνµ

6). The flux of as-
trophysical neutrinos has a harder energy spectrum than the flux of atmospheric ones, and one expects
that it should become become dominant at energies above 1–10 TeV. Since we expect that most neutrino
sources are extragalactic one expects a diffuse, approximately isotropic flux, due to the superposition of
all sources in the universe, with the most powerful objects visible as neutrino point-like sources.

6In an astrophysical environment the density is in most case so low that even long lived particles can decay before reinter-
action.
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In order to detect these astrophysical neutrinos one needs very large and massive detectors. The
most promising method is based on a the detection of Cherenkov light in water or ice. Water (or ice) is
naturally a beautiful candidate as a neutrino detector: it is dense, abundant and cheap, relativistic charged
particles emit efficiently Cherenkov photons traveling in the medium, that is transparent in the relevant
wavelength range (blue light). To construct a neutrino telescope it is therefore sufficient to distribute
in a sufficiently large volume of water a number of photo-sensible devices (Photo Multipliers Tubes or
PMT’s) capable to detect the Cherenkov photons of particles produced in neutrino interactions. The
telescope must be screened from the background of the charged cosmic ray radiation, placing it deep
under the Earth surface. The original concept of a very large water telescope for high energy neutrinos
was developed by the DUMAND group, that originally planned to build a detector in the deep ocean
(at a depth of ∼ 4500 meters in the Hawaii archipelago) made of “strings” of photomultipliers. Each
string should be anchored to ocean floor, and supported by buoyancy. Similar concepts are now pursued
by three groups in the Mediterranean (the NESTOR (Greece), ANTARES (France), and NEMO (Italy)
projects). The most advanced project (AMANDA) is located in Antartica, at the South Pole and is based
on the same Cherenkov method but uses ice instead of liquid water. Ice at sufficiently low temperature
and high pressure, becomes transparent and is a good Cherenkov medium, and can be used also as the
mechanical structure that supports the photomultipliers, that are placed in deep holes melted in the ice
before its permanent refreezing.

3.7. Reactor and Accelerator neutrinos

Two important types of man-made sources of neutrinos also exist, namely: reactor neutrinos (see Sec-
tion 9) and accerator neutrinos (see Section 10).

4. NEUTRINO OSCILLATIONS IN VACUUM

The probability of finding a neutrino created in a given flavor state to be in the same state (or any
other flavor state) can oscillate with time. The idea of the possible existence of neutrino oscillations
was first introduced by Pontecorvo [1]. This remarkable phenomenon is the consequence of simple
Quantum Mechanics. The neutrinos are produced in charged-current weak interactions in association
with a charged lepton are weak-eigenstates: νe, νµ or ντ . In general these weak eigenstates do not have
a well defined mass, and can be written as linear superpositions of three states ν1, ν2 and ν3 each having
mass (m1, m2 and m3). In general we can write:

|να〉 =
∑

j

U∗
αj |νj〉 , (44)

where we have indicated the flavor and mass eigenstates using respectively using greek and latin indices,
and U , the neutrino mixing or Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix, is a unitary matrix.
The unitarity of U follows from the fact that the three flavor (and mass) eigenstates are orthogonal to
each other.

If the matrix U is non trivial, it is simple to demonstrate that the phenomenon of flavor oscillation
must exist. For simplicity let us assume that at time t = 0 a neutrino is produced as the flavor eigenstate
|να〉 with a well defined7 3-momentum ~p and consider the probability to find the neutrino in a different
flavor state |νβ〉 at a later time t. The initial state at t = 0 can be written as a superposition of mass

7The condition that the neutrino is produced with a well defined momentum is used here for pedagogical simplicity, and can
be dropped. This is discussed together with additional details in Section 5.
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eigenstates as:
|ν(0)〉 = |να〉 =

∑

j

U∗
αj |νj〉 . (45)

Note that the energy of our neutrino state is not well defined since each component will have an energy

Ej =
√

p2 +m2
j . The time evolution of a mass eigenstates (that has a well defined energy) is simply a

phase factor e−iEjt, and for our state created with well defined flavor the time evolution gives:

|ν(t)〉 =
∑

j

U∗
αj e

−iEjt|νj〉 . (46)

Now the different components acquire different phases, and this results in non trivial effects. The prob-
ability amplitude of finding the neutrino at the time t in a flavor state |νβ〉 is (we will now use the
convention that repeated indices are summed over):

A(να → νβ; t) = 〈νβ |ν(t)〉
= {Uβk 〈νk|}

{

e−iEj t U∗
αj |νj〉

}

= Uβk U
∗
αj e

−iEj t〈νk|νj〉 (47)

= Uβj U
∗
αj e

−iEj t ,

(where we have used 〈νk|νj〉 = δjk). The oscillation probability is obtained squaring the amplitude:

P (να → νβ; t) = |A(να → νβ ; t)|2 = |Uβj U
∗
αj e

−iEj t|2 , (48)

is periodical in time and clearly is non vanishing even for β 6= α.

4.1. Two flavor case

It is instructive to consider in more detail the simpler case of the mixing of only two neutrino flavors (for
example νe, νµ). In this case we have only two mass eigenstates (ν1, ν2) and two mass eigenvalues (m1

and m2). The relation between flavor and mass eigenstates can then be written in matrix form as:

[

|νe〉
|νµ〉

]

=

[

c s

−s c

] [

|ν1〉
|ν2〉

]

, (49)

where we have used the compact notation c = cos θ, s = sin θ, with θ the mixing angle. Let us now
assume now that an electron neutrino is created at time t = 0 with momentum p. This corresponds to the
initial state:

|ν(t = 0)〉 = |νe〉 = c|ν1〉 + s|ν2〉.
The two mass components of the neutrino have energies E1 and E2 given by:

Ei =
√

p2 +m2
i ' p+

m2
i

2p
' E +

m2
i

2E
, (50)

After a time t the neutrino state will be:

|ν(t)〉 = c e−iE1t|ν1〉 + s e−iE2t|ν2〉 . (51)
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The phase difference between the two components result in a non-trivial flavor evolution of the neutrino.
For example the probability of finding the neutrino with the muon flavor can be obtained as:

P (νe → νµ; t) = |〈νµ|ν(t)〉|2

= |{−s 〈ν1| + c 〈ν2|}|ν(t)〉|2

= c2 s2
∣
∣
∣e−iE2t − e−iE1t

∣
∣
∣

2
(52)

= 2 c2 s2 {1 − cos[(E2 −E1)t}

= sin2 2θ sin2

[

∆m2

4E
t

]

,

where we have used the notation ∆m2 = m2
2 −m2

1. For relativistic neutrinos one can also approximate
L ' t. Another convenient form of the expression for the transition probability is

P (νe → νµ; L) = sin2 2θ sin2
[

1.27∆m2 L

E

]

, (53)

where L is in meters and E in MeV (or L is in km and E in GeV.

Examples of these 2-flavor oscillation probabilities are shown in Figs. 4 and 5. Note how the shape
of the probability is defined by two parameters: the amplitude of the sinusoidal oscillations that is equal
to sin2 2θ where θ is the mixing angle, and the oscillation length, that is the distance between any two
closest minima or maxima of the oscillation probability. The oscillation length is inversely proportional
to the squared mass difference |∆m2| and is linear with the neutrino energy E:

`osc =
4πE

|∆m2| ' 2.48
E (MeV)

|∆m2| (eV2)
meters = 2.48

E (GeV)

|∆m2| (eV2)
Km . (54)

Fig. 4: Plot of the oscillation probabilities as function of the neutrino pathlength L for the transitions νµ → νµ and νµ → ντ

in the approximation of two flavor mixing. The energy of the neutrino is fixed.
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Fig. 5: Example of the shape of the the oscillation probabilities P (νµ → νµ) and P (νµ → ντ ) as function of the neutrino

energy Eν for a fixed neutrino pathlength L. In the example we have chosen ∆m2 = 1 × 10−3 eV2 (approximately one third

the value indicated by the atmospheric neutrino experiments) and L = 730 Km (the ν pathlength of the Fermilab to Minos and

Cern to Gran Sasso projects).

4.2. Dirac and Majorana Phases

In the case of three flavors, the neutrino mixing matrix U can be parametrized in terms of 3 mixing angles,
one CP violating phase and, if the neutrinos are Majorana particles, 2 additional “Majorana phases”. In
the mos general case (n flavors) one has n(n − 1)/2 mixing angles, (n − 1)(n − 2)/2 “Dirac phases”
and (possibly) (n− 1) additional Majorana phases.

The most general n× n complex matrix depends on 2n2 real parameters; If the matrix is unitary
n2 parameters can be eliminated using the set of equations UαjU

∗
βj = δαβ . The n2 remaining parameters

can be divided into n(n− 1)/2 angles and n(n+1)/2 phases. If the neutrinos is a Dirac particle, 2n− 1
phases can be removed with a proper rephasing of the left handed fields. This is easy to see, considering
the set of equations that relate the flavor and mass eigenstates:

|νe〉 = U∗
e1 |ν1〉 + U∗

e2 |ν2〉 + U∗
e3 |ν3〉 ,

|νµ〉 = U∗
µ1 |ν1〉 + U∗

µ2 |ν2〉 + U∗
µ3 |ν3〉 ,

|ντ 〉 = U∗
τ1 |ν1〉 + U∗

τ2 |ν2〉 + U∗
τ3 |ν3〉 .

We can make any matrix element real rephasing a flavor eigenstate. For example the value Ue1 =
|Ue1| eiϕe1 can be made real (and positive) redefining the electron neutrino state |νe〉 → |νe〉 eiϕe1 , and
similarly an entire column (Uej , Uµj , Uτj) can be made real redefining the three flavor eigenstates and
eliminating 3 (or more in general n) phases from the matrix. If the neutrino is a Dirac particle we are
also allowed to rephase the mass eigenstates, and therefore we can make real one line (Uα1, Uα2, Uα3)
in the matrix eliminating other 2 (or more in general n − 1) phases. Therefore for Dirac neutrino the
rephasing eliminates (2n− 1) phases from the mixing matrix leaving a total of

NDirac
(physical phases) =

n(n+ 1)

2
− (2n− 1) =

(n− 1)(n− 2)

2
. (55)
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For n = 2 one has N(phases) = 0 and the mixing matrix is real, for n = 3 one phase is present.

If the neutrinos are Majorana particles, there is less freedom to rephase the fields, since one cannot
arbitrarily change the phase of the matter fields |νj〉. This can be understood observing that the Majorana
mass term in the Lagrangian is of the form νL νL + h.c. rather than of the form ν̄R νL + h.c. and so
the phases of neutrino mass fields cannot be canceled by a rephasing. Therefore only n phases can be
eliminated from the matrix and one remains with additional (n−1) “Majorana” phases. These Majorana
phases are common to an entire column of the mixing matrix, and for this reason they have no effect on
neutrino flavor transitions. This can be easily understood observing that the Hamiltonian that controls the
flavor evolution has the form (in the flavor basis): H = 1

2Eν
U diag[m1,m2,m3]U

† or in components:

Hαβ =
1

2Eν

∑

j

UαjU
∗
βj mj (56)

and any phase that is common to an entire column (defined by the index j) cancels in flavor evolution.
These additional phases can however be important in other processes, in particular in double beta decay.

In the case of three flavors, the mixing matrix can then be parametrized with three mixing angles
and one CP violating phase (two additional Majorana phases have no influence on the flavor evolution).
The most commonly used parametrization has the form:

U =





1 0 0
0 c23 s23
0 −s23 c23









c13 0 s13 e
−iδ

0 1 0
−s13 eiδ 0 c13









c12 s12 0
−s12 c12 0

0 0 1





(57)

=







c12c13 s12c13 s13e
−iδ

−s12c23 − c12s13s23e
iδ c12c23 − s12s13s23e

iδ c13s23

s12s23 − c12s13c23e
iδ −c12s23 − s12s13c23e

iδ c13c23






,

where the mixig angles are denoted θ12, θ13, θ23 and have used the notation: cjk = cos θjk, sjk = sin θjk,
and the CP violating phase is δ.

4.3. CP and T violating effects

In general the neutrino oscillation probability can violate the CP or T symmetry, that is in general:

P (να → νβ) 6= P (να → νβ), (58)

P (να → νβ) 6= P (νβ → να). (59)

On the other hand the CPT theorem imposes (in vacuum) the condition:

P (να → νβ) = P (νβ → να). (60)

The study of the existence of CP and T violation effects in neutrino physics is clearly a fascinating and
very important topic.

To see how the oscillation probabilities can violate the CP and T symmetries, let us consider
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again the general (3 flavors) oscillation probability.

P (να → νβ) =

∣
∣
∣
∣
∣
∣

∑

j

UβjU
∗
αj e

−i m2
j

L
2Eν

∣
∣
∣
∣
∣
∣

2

=
∑

j=1,3

|Uβj |4 |Uαj |4

+
∑

j<k

2Re[UβjU
∗
βkU

∗
αjUαk] cos

(

∆m2
jk L

2E

)

(61)

+
∑

j<k

2 Im[UβjU
∗
βkU

∗
αjUαk] sin

(

∆m2
jk L

2E

)

,

where we have used the notation
∆m2

jk = m2
k −m2

j . (62)

We can see that in general the oscillation probability is composed of a constant term plus 3 “cosine”
terms, and 3 “sine” terms. One can immediately see some symmetry properties of the oscillation proba-
bility:

• To obtain the oscillation probabilities for anti-neutrinos (replacing neutrinos with anti-neutrinos
correspond to a CP transformation) we have simply to replace the matrix U with its complex
conjugate U ∗ in the expression of the probability. After the replacement U → U ∗ in equation
(61) the “sin” terms change sign while the “cos” terms remain invariant. We can therefore see that
the oscillation probability can violate CP if and only if the mixing matrix has a non vanishing
imaginary part, that is if and only of δ is different from the values 0 or π.

• The oscillation probability for the the time reversed channel (that is the probability for the transi-
tion νβ → να) can be obtained from equation (61) simply with the interchange of indices α ↔ β.
One can immediately see that under this operation the “sin” terms change sign, and the “cos”
terms remain invariant. Therefore as in the previous case the oscillation probability can violate T
reversal symmetry if and only U has a non vanishing imaginary part, or equivalently if and only if
δ is different from the values 0 or π.

• A CPT transformation correspond to the replacement of ν with ν and the interchange of the initial
and final flavors, that is formally with the replacements: U → U ∗, and α↔ β. It is easy to see that
under these transformations expression (61) remains invariant. Therefore the general expression
for the oscillation probability respect CPT invariance as it should.

• Inspection of equation (61) also shows that the coefficients of the “sine” terms vanish when α = β.
Since it is the “sine” terms that are not symmetric under a CP and T operations, it follows that CP
and T violating effects do not exist for the “diagonal” transitions (νe → νe, νµ → νµ, ντ → ντ ).
This is as it should be, since it is necessary to satisfy the CPT theorem.

The expression for the oscillation probabilities can be rewritten in a more compact form using
the properties of a unitary matrix U U † = U † U = I . The unitarity definition can be written more
explicitely as:

∑

j

Uαj U
∗
βj = δαβ , (63)

∑

α

Uαj U
∗
αk = δjk . (64)

Using these relations it is possible to obtain relations between the coefficients of the “sine” and “cosine”
terms in the expression for the oscillation probability. The most important result is about the quantities
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Jαβ
jk = −Im

[

UαjU
∗
αkU

∗
βjUβk

]

that are the coefficients of the “sine” terms in the oscillation probability
and control the CP and T violation effects. These quantities have obviously the symmetry properties:

Jαβ
jk = −Jαβ

kj = −Jβα
jk (65)

and
Jαβ

jj = Jαα
jk = 0 . (66)

With some simple algebra using the unitarity conditions8 one can also obtains the additional relations:

Jαβ
12 = Jαβ

23 = Jαβ
31 , (67)

Jeµ
jk = Jµτ

jk = Jτe
jk . (68)

It follows that (in the case of three neutrinos) there is a single independent coefficient J αβ
jk the “Jarlskog

parameter”:

J = Jeµ
12 = −Im[Ue1 U

∗
µ1 U

∗
e2 Uµ2] (69)

= c213 s13 s12 c12 s23 c23 sin δ . (70)

All other non vanishing coefficients (those with α 6= β and j 6= k) are equal or opposite to J . We can
therefore finally write the most general form of the probability for the να → νβ transition (for α 6= β) as:

Pνα→νβ
= A12

αβ sin2

(

∆m2
12 L

4Eν

)

+A23
αβ sin2

(

∆m2
23 L

4Eν

)

+A13
αβ sin2

(

∆m2
13 L

4Eν

)

(71)

±8 J sin

(

∆m2
12 L

4Eν

)

sin

(

∆m2
23 L

4Eν

)

sin

(

∆m2
13 L

4Eν

)

.

In this equations we have used the unitarity conditions to obtain the result that the constant term in (61)
vanishes (it is unity for α = β) and have rewritten the CP and T violating part of the probability using
the symmetry relations for “sine” coefficients and the trigonometric identity:

sin a+ sin b− sin(a+ b) = 4 sin

(
a

2

)

sin

(
b

2

)

sin

(
(a+ b)

2

)

. (72)

We have also used the notation

Ajk
αβ = −4 Re[Uαj U

∗
βj U

∗
αk Uβk] . (73)

The CP and T violation effects are described by the last term that changes sign under a CP or T reversal
operation. From the expression (70) of J as a function of the mixing matrix parameters and the form of
the oscillation probability, one can see that in order to have observable CP and T violation effects one
needs to have three conditions:

[1] The phase δ must be non trivial (that is δ 6= 0 and δ 6= π)

[2] All mixing angles must be non vanishing: θ12 6= 0, θ23 6= 0, θ13 6= 0.

[3] All three oscillations must be “active”, that is all three phases ∆m2
jk L/4E must be

appreciably different from zero.

8The “trick” to use is to note each J can be seen as the product of two terms of the form Uαj U∗
βk that can be expressed as

a function of each other using the unitarity constraints such as: Ue1 U∗
µ1 = −(Ue2 U∗

µ2 + Ue3 U∗
µ3).
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4.4. One Mass scale dominance

The expressions for the oscillation probabilities become simpler in the approximation that one squared
mass difference is much smaller than the other two. This is realized of the neutrino masses are “hierar-
chical”, that is:

m1 � m2 � m3 . (74)

In this case one has
|∆m2

12| � |∆m2
23| ' |∆m2

23| . (75)

In this situation there is a range of Eν and L where the “short” oscillations are operating but the “long”
ones have not developed (and |∆m2

12| L/4E � 1). The oscillation probability can then be well approx-
imated for non-diagonal transitions (α 6= β) as:

P (να → νβ) = 4|Uα3|2 |Uβ3|2 sin2

(

∆m2
13

4E
L

)

, (76)

that is a form similar to the similar to 2-flavor case. The probabilities oscillate with a single frequency
related to the squared mass difference ∆m2

13 ' ∆m2
23. The amplitudes of the prrobability oscillations for

the different transitions depends only on the elements of the third column of the lepton mixing matrix U .
Explicitely the oscillation probabilities are:

P (νe → νµ; L) = 4|Ue3|2 |Uµ3|2 sin2

(

∆m2
13

4E
L

)

= s223 sin2 2θ13 sin2

(

∆m2
13

4E
L

)

, (77)

P (νe → ντ ; L) = 4|Ue3|2 |Uτ3|2 sin2

(

∆m2
13

4E
L

)

= c223 sin2 2θ13 sin2

(

∆m2
13

4E
L

)

, (78)

P (νµ → ντ ; L) = 4|Uµ3|2 |Uτ3|2 sin2

(

∆m2
13

4E
L

)

= c413 sin2 2θ23 sin2

(

∆m2
13

4E
L

)

. (79)

The survival probability for diagonal transitions take also the simple form: (for example for νe):

P (νe → νe) = 1 − [1 − |Ue3|2] |Ue3|2 sin2

(

∆m2
13

4E
L

)

(80)

= 1 − sin2 2θ13 sin2

(

∆m2
13

4E
L

)

. (81)

It coincides with the νe survival probability in the 2-flavor case with the substitutions: ∆m2 → ∆m2
13

and θ → θ13.

Another limiting case is relevant for very long baseline reactor experiments (such as KamLand),
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and corresponds to the situation
∆m2

13

2E
L ' ∆m2

23

2E
L� 1 . (82)

(that is very fast oscillations due to the mass squared differences ∆m13 and ∆m23 with averaged effect).
The νe survival probability is then:

P (νe → νe) ' c413P + s413 , (83)

with

P = 1 − sin2 2θ12 sin2

(

∆m2
21

4E
L

)

. (84)

that is the νe survival probability in the 2-flavor case with the mass squared difference ∆m2 = ∆m2
21

and mixing angle θ = θ12.

5. QUANTUM MECHANICS OF NEUTRINO OSCILLATIONS

The phenomenon of flavor oscillations is a fascinating demonstration of quantum mechanical effects in
the macroscopic world, and a detailed discussion of its origin can illustrate (and also requires) several
important quantum mechanical concepts like coherence, decoherence, wave packets and so on. In this
lectures we are concentrating on the phenomenology of the neutrino oscillations and possible interpre-
tations, so we do not have enough space for a careful analysis of these more theoretical aspects. In
particular, the derivation of the flavor oscillation formula that we have outlined before, based on the as-
sumption that neutrinos are emitted with a well defined momentum, is simple and elegant, and gives the
correct answer for essentially all possible practical applications, however it is not theoretically very solid,
it is also not correct in all possible circumstances, and raises several conceptual questions: for example
the assumption of a mass independent momentum for neutrinos is in general not correct, and the con-
cept of creation and detection “points” is problematic in a quantum world with an uncertainty principle
∆p∆x >∼ 1. A better theoretical treatment of neutrino flavor transitions requires a wave packet treatment
of the neutrinos, or more rigorously a quantum field approach. A detailed description of these prob-
lems is beyond the scope of these lectures and we refer to [4,37,40] for more discussion and additional
references. We include however here a brief discussion to illustrate a few most important points.

5.1. Energy and Momentum of Oscillating Neutrinos

The assumption that the neutrinos are produced with a momentum independent from their mass that was
used in our (standard) derivation of the oscillation formula is in general not valid. To have a concrete
example, let us consider the neutrinos produced in the decay π+ → µ+νµ in the rest frame of the parent
pion. In this frame, a massless neutrino has an energy (and momentum)

E = p =
mπ

2

(

1 −
m2

µ

m2
π

)

. (85)

If the neutrino has mass mj the energy and momentum are modified, and can be obtained exactly from
4-momentum conservation:

Ej = E +
m2

j

2mπ
= E +

m2
j

2E

(

1 −
m2

µ

m2
π

)

, (86)

pj =
√

E2
j −m2

j ' E −
m2

j

2E

(

1 +
m2

µ

m2
π

)

. (87)
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In these equations we have neglected terms of order m4
j/E

3 or higher, and E is always given by equa-
tion (86) Note that both the momentum and the energy of the emitted neutrino depend on its mass. More
in general neutrinos produced in different processes will have an energy and a momentum that depend
on their mass and can be well approximated by the expressions:

Ej = E +
m2

j

2E
ξ, pj = E −

m2
j

2E
(1 − ξ) , (88)

where E is the energy calculated assuming mν = 0 and ξ is a dimensionless parameter of order unity
that depends on the process we are considering9 , in the example that we have discussed ξ = (1 −
m2

µ/m
2
π) ' 0.43. The expression for flavor transitions will however turn out to be independent from the

value of ξ.

The wavefunction of the neutrino state at production can then be represented as the superposi-
tion of neutrinos with different masses mj each with appropriate momentum pj and energy Ej , and
amplitudes given by the mixing matrix. A neutrino produced at time t0 with flavor να has then the
wavefunction:

|ψ(x, t0)〉 =
∑

j

U∗
αj |pj ; νj〉 =

∑

j

U∗
αj |pj〉 |νj〉 =

∑

j

U∗
αj e

ipj(x−x0) |νj〉 , (89)

where we have represented the the eigenstate of momentum |pj〉 as a plane wave: |pj〉 = eipj(x−x0) with
x0 the position of π decay. Using the Schrödinger equation for time evolution one can easily write the
wavefunction at a later time t as:

|ψ(x, t)〉 =
∑

j

U∗
αj e

ipj(x−x0) e−iEj(t−t0) |νj〉 . (90)

If we now want to see what is the probability to find a neutrino with flavor β at a distance L = x − x0

from the decay point and a time T = t− t0 from the decay point we have to compute:

Pνα→νβ
(L, T ) = |〈νβ|ψ(x, t)〉|2 =

∣
∣
∣
∣
∣

{
∑

k

Uβk 〈νk|
}

|ψ(x, t)〉
∣
∣
∣
∣
∣

2

=
∑

j

|Uβj|2 |Uαj |2 +
∑

k>j

2Re
[

U∗
αkUαjUβkU

∗
βj e

i(pk−pj)L−i(Ek−Ej)T
]

. (91)

This expression is identical to what we have obtained in the with the assumption that the neutrinos are
emitted with a fixed (mass independent) momentum, except that the phase ϕjk associated to the product
U∗

αkUαjUβkU
∗
βj is now:

ϕjk = (pk − pj)L− (Ek −Ej)T ' [(pk − pj) − (Ek −Ej)]L

=
1

2E

[

−(m2
k −m2

j)(1 − ξ) + (m2
k −m2

j)ξ
]

L =
(m2

k −m2
j)

2E
L. (92)

We can see that the phases (and therefore the expressions for the oscillation probabilities) do not depend
from the quantity ξ, and we have exactly the same result obtained before with a derivation based on the
fixed momentum assumption.

9The expressions (88) respects the condition that the neutrino is on a mass shell (E2
j = p2

j + m2
j ) up to higher order

corrections of order m4
j/E3.
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5.2. Momentum resolution in the ν measurement

The phenomenon of flavor oscillation of neutrinos, that is the time (or pathlength) dependence of the
probability to find a certain flavor is the consequence not only of mixing, but also of the fact that the
neutrino masses are so tiny, that experimentally it is extremely difficult to obtain a resolution that is
sufficiently good to determine the neutrino mass, therefore the different amplitudes (corresponding to
the different masses) have to be summed coherently, and the quantum interference effects result in the
space-time flavor oscillations.

It is instructive to note that in principle the situation could be different, and one can imagine
a gedanken experiment measurement capable to determine the mass of an observed neutrino. As an
illustration let us consider again the νµ produced in the decay of a π+ at rest. As discussed before the
wavefunction of the final state is a superposition of neutrinos of different mass, each having a well defined
different momentum. It is in principle possible to perform a measurement with a resolution smaller that
the difference in momentum between different mass eigenstates: ∆p < |pk − pj|. In this case however,
according to the Heisenberg uncertainty principle the measurement cannot be localized in space better
than ∆x >∼ 1/∆p. This has the consequence that:

∆x >∼
1

∆p
>∼

1

|pk − pj|
' 2E

|m2
k −m2

j |
' Ljk

osc. (93)

In other words, if the resolution is sufficiently good to determine the mass of the neutrino, then the un-
certainty in the position of the observation must be larger than the oscillation length, and no quantum
interference can be observed. Therefore, in principle, an extremely precise measurement of the momen-
tum of the neutrino can resolve three distinct values of the momentum p1, p2 and p3, each corresponding
to the three neutrino mass eigenvalues. The three results are obtained each with a probability Pj = |Uµj |2
that is independent from the neutrino pathlength. The measurement of the neutrino momentum can be
performed detecting charged current interactions, and each neutrinos detected with a certain momentum
will be in general found not to have a well defined flavor, and the probability to measure the flavor α for
neutrinos with momentum pj (and therefore massmj) will be P (j)

α = |Uµj |2 |Uαj |2, again independently
from the distance between the pion decay and the position of the detector.

This argument explains why in the quark sector one can measure the mixing of weak eigenstates,
for example observing that a u quark makes weak transitions to a state d′ that is a linear combination of
the quarks d, s and b with measurable coefficients, however one does not observe quark oscillations10 .
In fact measuring the flavor of a quark is exactly equivalent to the measurement of its mass, and as in
the case of neutrinos, resolving the mass destroys the oscillations. Of course in the quark case the mass
measurement is enormously easier because of the very large mass differences between different flavors,
and viceversa it would be extremely hard to identify experimentally the weak eigenstates d ′, s′ and b′.

5.3. Wave–packet treatment

The localization of the neutrino source and detection points implies that the neutrinos cannot be described
as plane waves, but they must be described as wave packets. The size of the wave packet is determined
by the size of the region within which the neutrino production process is localized. Obviously because
of the uncertainty principle it follows that even a mass eigenstates cannot be described as having a well
defined 3-momentum. The wave–packet treatment is discussed in more detail for example in the textbook
of Kim and Pevsner [4]. The introduction of the wave–packet for neutrino also leads to the concept of
the “coeherence length” for the oscillations.

10Oscillations are observed between particle/anti-particle pairs such as K◦ ↔ K
◦
, D◦ ↔ D

◦
or B◦ ↔ B

◦
.
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5.4. Coherence Length

It is important to discuss the concept of the coherence length for neutrino oscillations. Neutrinos with
different masses will have different velocities given by:

vj =
pj

Ej
' 1 −

m2
j

2E2
. (94)

The neutrino emitted in a certain process can be seen as a wave packet with a size σx that is determined by
the size of the region where the neutrino production is localized. One can approximate the wave packet
as a gaussian of size σx, and correspondingly the momentum distribution of the neutrino will also be a
gaussian with width σp = 1/σx and centered at a value pj . The wave packet of a neutrino created with
a certain flavor, will be in general the superposition of three overlapping wave packets corresponding
to the three ν masses, The three components of the wave functions will propagate with different group
velocities vj ' 1−m2

j/(2E
2), and therefore during propagation the different components will separate.

The overlap between two components νj and νk will remain significant only if the separation of the
centers of their wave packets is smaller that ∆x ∼ 2σx; this will be correct only for a pathlength
smaller than

L <∼ Ljk
coh =

√
2

2σx

|vj − vk|
' 4

√
2E2 σx

|∆m2
jk|

, (95)

(the factor
√

2 at this point is arbitrary). For L > Lcoh the wave packets that corresponds to the different
neutrinos are separated (see Fig. 6) the coherence between the different neutrinos is lost and oscillations
are not present any more. An observer at a distance L � Lcoh from a neutrino source that generates
neutrinos of flavor α will detect neutrinos of all flavors, but with probabilities independent from L.

The coherence length is in practical not important except for the neutrinos produced in distant
supernovae.

Fig. 6: Scheme of the decoherence of a neutrino wave packet during propagation. The components of the packet that

corresponds to the masses m1 and m2 propagate with different group velocity v1 and v2 and after a distance of order

Lcoh ∼ σx/|v2 − v1 the packets do not overlap any more and the phenomenon of oscillation stops. An observer will re-

ceive separate neutrino pulses that corresponds to the different neutrino masses.

5.5. More General Formula

The effects that we have discussed above can be included in the formula for the probability να → νβ

using a wave packet, or more rigorously a quantum field theory treatment with the result [40]:

Pνα→νβ
(x) =

∑

j

|Uβj |2 |Uαj |2 +
∑

k>j

2Re

[

U∗
αkUαjUβkU

∗
βj e

i2π x

L
jk
osc

]

e
−
(

x

L
jk
coh

)2

e
−2π2ξ2

(

σx

L
jk
osc

)2

, (96)

where Ljk
osc = 4πE/|∆m2

jk| is the usual oscillation length and Ljk
coh was defined in (95), and σx is the

combination of the spatial uncertainties in the neutrino production and observation points. This formula
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is identical to the “standard” one that we have discussed before except for the last two factors, that are
both unity when x � Lcoh or σx � Ljk

osc. The first one is related to the decoherence of the neutrinos
that we have just discussed, and the second one is related to the simple condition that the neutrino must
be localized better than an oscillation length. In all the problems that we will consider in this work Lcoh

is much longer than the neutrino pathlength, and σx can be safely assumed to much shorter that the
oscillation lengths, and therefore the standard formula that neglects the effects discussed here is valid to
a very good approximation.

5.6. Do charged leptons oscillate ?

In charged current interactions the neutrinos are always produced in association with a charged lepton,
and it is natural to ask the question if some sort of oscillatory behaviour is also associated to these charged
leptons. For example since in the decay π+ → νµ + µ+ the probability to observe a νµ is a function of
the distance L from the decay point, should the probability of detecting a muon also have a non trivial L
dependence that is the combination of an exponential behaviour (the muon is an unstable particle) with
some oscillations? In other words: can “muon oscillations” exist? The answer is no, they cannot exist.
The probability of detecting a charged lepton at a certain distance from its production point (in vacuum)
is either a constant (for e±) or a simple exponential (for µ± and τ±). In the literature there are actually
claims to the contrary [41], that however have been solidly refuted [37,40].

It is easy to convince oneself of the non existence of charged lepton oscillations with considera-
tions that are similar to those outlined before. The e, µ and τ states are eigenstates of mass, and therefore
the identification of a charged lepton is exactly equivalent to a measurement of its mass. As in the case
of quarks, the coherence in the production is immediately lost, and no oscillations are present. Note
also that the charged lepton equivalent of the neutrino weak eigenstates are those linear combinations
of e, µ and τ that are produced in association with a the neutrino mass eigenstates ν1, ν2 or ν3, and
experimentally is is essentially impossible to measure these states.

It would be instructive to consider the amplitude of the evolution of a two particle final state
composed of a neutrino and a charged lepton (as for example in π± decay) and study what correlations
can exist between measurements of the two particles. This interesting study is in fact an example of the
Einstein, Rosen, Podolsky (EPR) phenomenon, and mathematically it follows analogous steps as for the
study of correlations in the processes φ → KK or Υ(4s) → BB that are at the basis of CP violaton
studies in the quark sector. A careful analysis shows that, as expected, no muon oscillations are visible
also in the case of measurements of both neutrino and charged lepton (see [40]).

6. NEUTRINO OSCILLATIONS in MATTER

The discussion of the previous Section was relevant for neutrinos propagating in vacuum, however in
many (actually in most) circumstances, neutrinos propagate in a medium filled with material. For exam-
ple solar neutrinos are created in the center of the sun, and have to travel across a lot of solar material,
many of the atmospheric neutrinos have to cross a thick layer, or even the entire Earth before reaching the
detector, even reactors and accelerator neutrinos, can have to cross thick layers of material. The presence
of matter can have a profound effects on the oscillation probabilities [42,43].

6.1. Neutrino Effective Potential in matter

Neutrinos have an extremely feeble interaction with matter, and therefore one could naively expect that
the presence of matter should have a negligible effect on their propagation, however this is not so because
one must consider the coherent effect of forward scattering from many particles on the propagation of
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a neutrino. The effect of coherent forward scattering can be described as an index of refraction for
neutrinos in matter, or equivalently as the presence of an Effective Potential due to the presence of
matter. Ordinary matter is composed of electrons, protons and neutrons, and the effective potential
receives contributions from all target particles. The interaction can proceed with Z 0 exchange, resulting
in the effective potentials:

Vνµe = Vντ e = V Z
νee = −

√
2

2 GF Ne ,

Vνµp = Vντ p = Vνep = +
√

2
2 GF Np ,

Vνµn = Vντ n = Vνen = −
√

2
2 GF Nn .

(97)

The effective potential for νe is different because the scattering (see Fig. 7) can also proceed with W
exchange:

Vνee = V Z
νee + V W

νee = −
√

2

2
GF Ne +

√
2GF Ne . (98)

The total effective potential is the sum of the three contributions (for example Vνe = Vνee +Vνep +Vνen).
The crucial role is played by the difference of potential between the νe and νµ,τ :

V ≡ Vνe − Vνµ = Vνe − Vντ = +
√

2GF Ne . (99)

This potential difference is proportional to the electron density Ne, and has the numerical value:

V = +
√

2GF Ne = +
√

2GF
ρ

Mp
Ye = 3.8 × 10−14

(
ρ

g cm−3

) (
Ye

0.5

)

eV , (100)

(where Ye is the electron number per nucleon). It is important to note that for anti-neutrinos the effective
potential reverse it sign:

Vνα = −Vνα . (101)

e

νe e

e, p, or n

W Z

(a) (b)

νe να

να e, p, or n

Fig. 7: Feynman diagrams for the forward elastic scattering of a ν from a particle of matter. (a) W-exchange-induced scattering

from an electron, possible only for νe. (b) Z-exchange-induced scattering from an e−, p or n. possible for all flavors with equal

amplitude.
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6.2. Flavor Evolution Equation

In the presence of matter the flavor evolution of neutrinos is described by an effective Hamiltonian that
is the sum of a free Hamiltonian plus a matter induced term that includes the effective potential and that
therefore changes sign for neutrinos and antineutrinos:

H(ν) = H0 + Hm , (102)

H(ν) = H∗
0 −Hm . (103)

Writing more explicitely for neutrinos one has:

H(ν) = U







E1 0 0

0 E2 0

0 0 E3






U † +







Ve 0 0

0 Vµ 0

0 0 Vτ






. (104)

This Hamiltonian enters a Schrödinger equation that controls the flavor evolution:

i
d

dx
να = H να . (105)

The subtraction from the Hamiltonian of a term proportional to the unit matrix, clearly does not change
the flavor evolution, therefore all that counts for the matter term is a matrix of form Hm = diag[V, 0, 0].
It should be clear that when V is comparable to the energy differences |Ej − Ek| ' |∆m2

jk|/(2Eν) the
ν flavor evolution is strongly modified.

It can be useful to note that the potential can be seen as having the effect of changing the mass of
the neutrino. In fact we can write:

E − V =
√

p2 +m2 ' p+
m2

2 p
(106)

and approximating p ' E one finds that the effect of the potential is equivalen to a shift in the squared
mass:

m2 → m2 + 2E V . (107)

Quantitatively the potential difference is therefore equivalent to a shift in the squared mass difference:

(∆m2)
νe(νe)
matter = ±2Eν V ' ±0.76 × 10−4

(
ρ

g cm−3

) (
Eν

GeV

)
Ye

0.5
eV2 . (108)

Note that electron neutrinos (anti-neutrinos) acquire effectively a larger (smaller) squared mass. Of
course a more complete discussion must include mixing (see below).

In general the matter term in equation (105) can vary along the neutrino trajectory. If the den-
sity is constant however the flavor evolution can be solved analytically calculating the eigenvalues and
eigenvectors of the (time independent) Hamiltonian.

6.3. Two flavor case

In the following we will discuss the simpler case where νe is mixed with νµ and ντ , and study the
structure of the eigenvalues and eigenvectors in matter as a function of the potential V . This will turn
out to be of more than academic interest, because it applies to a good approximation to the oscillation of
solar neutrinos (where in fact νe is mixed with a linear combination of νµ and ντ ).
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Hamiltonian in vacuum

For pedagogical purposes let us reconsider the free Hamiltonian in the case of two neutrino species.
Writing explicitely the mixing matrix (with the compact notation c = cos θ, s = sin θ) one has:

H0 = U diag[E1, E2] U
†

=

[

c s

−s c

] [

E1 0

0 E2

] [

c −s
s c

]

=
1

2E

[

c s

−s c

] [

m2
1 0

0 m2
2

] [

c −s
s c

]

+ λ I

=
∆m2

4E

[

c s

−s c

] [

−1 0

0 +1

] [

c −s
s c

]

+ λ′ I

=
∆m2

4E

[

−c2 + s2 2cs

2cs c2 − s2

]

+ λ′ I =
∆m2

4E

[

− cos 2θ sin 2θ

sin 2θ cos 2θ

]

+ λ′ I ,

(the terms λ I or λ′ I are proportional to the unit matrix and can be dropped.

Hamiltonian in matter

We can now add the matter Hamitonian, that we can recast in the form:

Hmat =

[

Ve 0

0 Vµ

]

=

[

V 0

0 0

]

+ λ′′ I =
V

2

[

+1 0

0 −1

]

+ λ′′′ I , (109)

where the terms proportional to the unit matrix I can be dropped because are irrelevant for the flavor
evolution. Adding the matter potentials to the free Hamiltonian one obtains:

H = H0 + Hmat =
∆m2

4Eν

[

− cos 2θ + ξ sin 2θ

sin 2θ +cos 2θ − ξ

]

, (110)

where we have defined

ξ =
2V E

∆m2
=

2
√

2GF Ne

∆m2
. (111)

It is now straightforward to diagonalise the matter hamiltonian, comparing with the form of the

free one. In fact dividing and multiplying by
√

sin2 2θ + (cos 2θ − ξ)2 we can rewrite:

H = H0 + Hmat =
∆m2

4Eν

[

− cos 2θ + ξ sin 2θ

sin 2θ +cos 2θ − ξ

]

=
(∆m2)eff

4Eν

[

− cos 2θm sin 2θm

sin 2θm +cos 2θm

]

, (112)
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Fig. 8: This figure shows a scheme of the relation between the flavor, mass and propagation eigenstates in the case of two

neutrino mixing. For neutrinos (antineutrinos) propagating in matter the propagation eigenstates do not coincide with the mass

eigenstates. We have labeled the mass eigenstates so that m1 < m2 (and therefore ∆m2 = m2
2 − m2

1 > 0). With this

convention for the labeling of the mass eigenstates, for neutrinos θν
m > θ, while for antineutrinos θν

m < θ. In the limit of very

large matter effects ((E × V ) � ∆m2) θν
m → π/2 and θν

m → 0. In the case shown (where θ = 25◦) θν
m becomes 45◦ for a

certain value of (E × V ) and a “MSW resonance” is present for neutrinos (and not anti-neutrinos). For θ > 45◦ the resonance

exists for anti-neutrinos.

where

sin2 2θm =
sin2 2θ

sin2 2θ + (cos 2θ − ξ)2
(113)

and
(∆m2)eff = ∆m2 ×

√

sin2 2θ + (cos 2θ − ξ)2 . (114)

In matter the neutrino and anti-neutrino mixing are different because ν and ν have opposite ef-
fective potentials. The eigenvalues/eigenvectors solutions for anti-neutrinos can be obtained with the
replacement V → −V , that is ξ → −ξ. The situation is illustrated in Fig. 8.

The MSW resonance

It is very instructive to study the behaviour of effective mixing parameters in matter as a function
of the quantity ξ = 2V E/∆m2 (see Fig. 9). Note that ξ is proportional to the density V and to the
neutrino energy E. Without loss of generality it is possible to assume that ∆m2 is positive, if the mixing
angle θ can vary in the interval θ ∈ [0, π

2 ]. In this case θ = 0 corresponds to the situation where the
lightest neutrino state is a pure νe and θ = π

2 to the situation where the lightest state is a νµ,τ
11. With

this convention ξ is always positive for neutrinos always negative for antineutrinos.

11For two flavor mixing it is also possible to use a different convention, reducing the range of variability of θ in the range
[0, π/4], and considering both positive and negative ∆m2. In this convention the ν1 is always the state with the largest overlap
with νe; while in the other convention ν1 is the eigenstate with the lowest mass.
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Fig. 9: The left panel shows the effective mixing parameter in matter sin2 2θm, in the case of two flavor (νe–νµ or νe–ντ )

mixing, plotted as a function of ξ = (2 E V )/∆m2. Ther right panel shows the effective squared masses in matter for neutrinos

in the case of two flavor νe–νµ (or νe–ντ ) mixing. The mass eigenvalues are taken as m2
1 = 0.1 eV2 and m2

2 = 1 eV2.

The main features of the effective mixing in matter in Fig. 9, can be readily understood from
equation (113):

[1] The low density limit can be obtained for ξ → 0, it is easy to see that one recovers the vacuum case.

[2] The limits ξ → ±∞ correspond to very high energy (or very large density) for neutrinos or
antineutrinos. The effective mixing parameters become:

sin2 2θν(ν)
m → sin2 2θ

ξ2
' sin2 2θ

(

∆m2

2EV

)2

→ 0 , (115)

(∆m2)
ν(ν)
eff → ∆m2 × ξ = ±2EV . (116)

It can be seen that equation (115) corresponds to θm → π
2 for ν and to θm → 0 for ν. In other words

when the potential difference V becomes much larger than the energy differences ∆m2/(2E) the
νe or νe become eigenvectors of propagation: the νe (with V > 0) corresponds to the heaviest
eigenvector |ν2,m〉, while νe (with V < 0) corresponds to the lightest eigenvector |ν1,m〉.

[3] The mixing parameter sin2 2θm becomes unity (that is θm becomes π/4) for the condition

ξ = cos 2θ , (117)

that is:
2V E = ∆m2 cos 2θ . (118)

This condition can be satisfied with ξ > 0 (that is for neutrinos) when θ < π/4; and with ξ < 0
(that is for anti-neutrinos) when θ > π/4.

[4] The width of the “resonance region”, that is the range of ξ for which sin2 2θm is larger than 0.5 is
ξ ∈ [cos 2θ − sin2 θ, cos 2θ + sin2 θ] and shrinks with decreasing θ.

The relation between flavor, mass and propagation eigenstates can be pictured geometrically observing
that with increasing density the mixing angle θν

m for neutrinos “rotates” monotonously anti-clockwise
from the vacuum value θ (for a vanishingly small density) toward increasing values, reaching for very
large densities the asymptotic value θν

m → π
2 . For antineutrinos the mixing angle θν

m rotates in the
opposite direction toward the asymptotic value θν

m → 0. Clearly the mixing angle in matter must become
“maximal” (that is take the value θm = 45◦) for neutrinos or antineutrinos, for a particular value of the
product Eν Ne. This condition will be present for neutrinos when θ < 45◦ that is when the lighest mass
state is predominantly a νe as it is naively expected “normal” ordering of the neutrino masses, or for
anti-neutrinos if θ > 45◦ that is for an inverted hierarchy of the ν masses12.

12In the other convention of having the angle θ limited to the region θ ∈ [0, π/4], one would copnclude that the MSW
resonance is present for neutrinos for ∆m2 > 0 or for anti-neutrinos for ∆m2 negative. The statements have of course the
identical physical meaning.
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Figure 9 shows a plot of the effective mixing angle θm and of the effective mixing parameter
sin2 2θm for neutrinos and anti-neutrinos. One can see that the mixing parameter has a “resonance like”
behaviour around the value ξ = cos 2θ where the mixing becomes maximal. The “MSW” resonance
(from the initials of Mikheyev, Smirnov and Wolfenstein [42] that discovered it) has a width (half width
at half maximum) δξ = sin 2θ that becomes narrower with decreasing sin 2θ.

In Fig. 9 we plot an example of the effective squared mass eigenvalues as a function of the prod-
uct 2V E. This illustrates that at the resonance ∆m2

eff has a minimum and and becomes ∆m2
eff =

∆m2 sin 2θ. The ∆m2
eff at the resonance vanishes for θ = 0 or θ = 90◦. This can be easily under-

stood observing that in the case of no mixing (θ = 0◦) the effective squared masses in matter are simply
M2

1,2 = m2
νe

+ 2E V and M 2
2,1 = mν2

µ
. In this case the “resonance” corresponds simply to a the level

crossing at 2E V = (m2
νµ

− m2
νe

). Below the “resonance” or crossing point the heaviest propagation
eigenvector is a νµ, above the crossing point the it becomes a νe.

In the presence of a small non vanishing θ, there is no more a “crossing” of the levels, however
something very similar happens in the flavor content of the propagation eigenstates. For example the
propagation eigenstates that correspond to the largest (heaviest) eigenvalue correspond to a nearly pure
νµ for for small ξ and to a nearly pure νe for large ξ. This phenomenon is possibly the key mechanism
in the oscillation of solar neutrinos.

6.4. Variable density

In many cases of interest neutrinos propagate in non homogeneous matter. Examples of this problem are:

[1] Solar neutrinos that are created near the center of the sun, where the density is of order 130 g cm−3,
and travel to the surface with the density decreasing approximately exponentialy along the trajec-
tory.

[2] Atmospheric neutrinos can cross the Earth, where the density is approximately 2.7 g cm−3 near
the surface but higher than 12 g cm−3 near the center.

[3] Supernova neutrinos have also to cross a large column density of material with a rapidly varying
electron density.

In general the transition probabilities can be easily calculated numerically solving the flavor evo-
lution equation:

i
d

dx







νe

νµ

ντ







= [H0 + Hmat(x)]







νe

νµ

ντ







=







1

2E
U







m2
1 0 0

0 m2
2 0

0 0 m2
3






U † +







V (x) 0 0

0 0 0

0 0 0



















νe

νµ

ντ






, (119)

where V (x) = Ve(x) − Vµ(x) =
√

2GF Ne(x) is the effective matter potential. The initial condition
of the equation can be taken as a flavor eigenstate (for example |νe〉: |νini〉 = δα,e, and the probability
Pνe→να is obtained squaring the final neutrino α component.
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7. ATMOSPHERIC NEUTRINOS

Atmospheric neutrinos are produced in the collisions of cosmic rays with the Earth’s upper atmosphere.
Cosmic rays are relativistic charged particles that reach the Earth with an isotropic flux of approximately
1 particle/(cm2 sec sr). They are produced in astrophysical sources whose nature, after nearly a cen-
tury of research, is still in question (the most likely sources are the blast waves produced by supernovae
explosions), most cosmic rays are protons with contributions of completely ionized nuclei, and smaller
components of electrons, anti-protons and positrons. Cosmic rays have a spectrum that to a good approx-
imation follows a power law behaviour: φA(E) ∝ E−α with α ' 2.7, extending up to extremely high
energies E ∼ 1020 eV. The galactic magnetic fields trap the cosmic rays for a long (energy dependent)
time of order of millions of years, and during this time the directions of the particles are completely
scrambled, so that the flux is to a very good approximation isotropic and uniform in time, because time
variations in the source intensity are averaged over a long time. Primary cosmic ray interact in the upper
atmosphere, with the air nuclei producing secondary particles:

p+AAir → p, n, π±, π◦,K±, . . .

that initiate showers in tha atmosphere. Neutrinos are abundantly produced in these showers, the domi-
nant source is the decay of π± , and the subsequent decay of µ±, such as:

π+ → µ+ + νµ

↓
e+ + νe + νµ

(120)

(and charge conjugate channels), similarly neutrinos are also produced in the decay of kaons.

For a review on atmospheric neutrinos see [44].

7.1. Robust properties of the predicted fluxes

The detailed calculation of the atmospheric neutrino fluxes is a non trivial problem (for reviews see
[45,46]), that requires the following elements:

[1] A description of the primary cosmic rays φc.r.
A (E), with fits to the measurements obtained from

balloon and satellites experiments.

[2] A model of hadronic interactions to compute the multiplicity and energy and angular distributions
of the final state particles produced in hadron-nucleus and nucleus-nucleus interactions.

[3] A calculation scheme (usually a montecarlo method) to compute the development of the showers
taking into account all relevant processes, like the energy losses of charged particles, the compe-
tition between interaction and decay for unstable hadrons, and the weak decays of mesons and
muons.

Independently from the details of this calculation, and using the assumption that the flavor of the neu-
trinos does not change during propagation from the creation point to the detector, one can obtain two
fundamental and very robust properties of the fluxes

• The flux of νµ + νµ is approximately twice as large as the flux of νe + νe

[φνµ(Eν ,Ων) + φνµ(Eν ,Ων)] ' 2 × [φνe(Eν ,Ων) + φνe(Eν ,Ων)] . (121)

• The fluxes of all neutrino species are up-down symmetric:

φνα(Eν , θν) = φνα(Eν , π − θν) . (122)

149



The condition (121) is a simple consequence of equation (120), that tell us that, after the completion of
the chain decay, for each π+ (π−) there is one νµ, one νµ and one νe (νe) that have approximately the
same average energy. The last remark about the average energy of the neutrinos is necessary to insure
that the relation (121) between the neutrino fluxes is valid not only for the total number of neutrinos,
after integration over all energies, but also for the differential fluxes at each neutrino energy. One could
naively think that the “second generation” neutrinos produced in muon decay will have on average a
lower energy that the νµ produced directly in the π+ decay, however this is not the case, because in
the first decay the muon carries away a large fraction of the pion energy since mµ is close to mπ:
〈Eµ+〉/Eπ+ = (1 +m2

µ/m
2
π)/2 ' 0.787, and the average energy of the three neutrinos are very similar.

Ignoring the energy loss of the muon before decay one has 〈Eνµ〉/Eπ+ = 0.213, 〈Eνµ〉/Eπ+ = 0.265,
〈Eνe〉/Eπ+ = 0.257. Equation (121) ceases to be valid at high energy (Eν

>∼ 3 GeV for vertical
neutrinos) when, because of relativistic effects, the muon decay length becomes longer than the thickness
of the atmosphere, and muons reach the ground dissipating their energy in ionization.

The prediction of the up-down symmetry (equation (122)) is even more robust, and in fact can be
demonstrated as a simple geometry theorem from the (quasi-exact) spherical symmetry of the problem
that can be restated as:

[1] the Earth can be well described as a perfect sphere.

[2] the primary cosmic rays are isotropic, that is the fluxes that arrive at different points on the
Earth are all equal.

The demonstration is simple. The neutrinos that enter a sphere with zenith angle θdown
z will exit the

sphere with zenith angle θup
z = π − θdown

z (see Fig. 10). The absorption of neutrinos inside the Earth is
a negligible effect (of order ∼ 10−6 for vertical νµ,e at 1 GeV), and therefore the number of neutrinos
that enter the Earth with a given energy and zenith angle θz is equal to the number of neutrinos that exits
with zenith angle π − θz and the same energy:

N in
να

(E, θz) = Nout
να

(E, π − θz) . (123)

For spherical symmetry (isotropic primary cosmic rays) the neutrino flux is equal for all points on the
Earth, and can be related to the total number of crossing neutrinos as

φνα(E, θz) =
N

in(out)
να (E, θz)

4π R2
⊕ | cos θz|

, (124)

where 4π R2
⊕ is the Earth surface and the factor | cos θz| takes into account the orientation of the surface

with respect to the neutrino direction. The equality of the fluxes follows immediately. It is clear that
this prediction of up-down symmetry for the neutrino fluxes, offers a gold-plated method to study flavor
oscillations. The pathlengths for up-going and down-going neutrinos are very different (by a factor of
order 103 for the vertical directions) and in the presence of oscillations one expects that the two fluxes
are modified in different ways. Therefore, if oscillations exist, the up-down symmetry will be broken and
the effect can be easily observed measuring a difference in the rates of up-going and down-going events.

Since the up-down symmetry (or lack of) plays a crucial role in the evidence for oscillations in
atmospheric neutrinos it is worthwhile to consider what is the maximum size of the asymmetry that can
be expected in the absence of oscillations. The sources of asymmetry are the following:

[1] The largest violations of spherical symmetry is due to the presence of the geomagnetic field. The
field bends the trajectories of the primay particles, so that low rigidity particles cannot reach the
surface of the Earth. The effect is stronger at the magnetic equator (where the cosmic ray flux
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Fig. 10: The geometrical origin of the up-down symmetry of the atmospheric neutrino fluxes. The symmetry is present in the

absence of neutrino oscillations.

is minimum and vanishes at the magnetic pole (where the cosmic ray is maximum). This effect
influences also the lowest energy neutrinos, because high rigidity cosmic rays are not influenced
by the geomagnetic field. For a detector placed near the magnetic equator (like Super-Kamiokande
in Japan), the effect is a suppression of the down-going hemisphere (where the equatorial field is
operating) relative to the up-going one (since the average effect of the geomagnetic field is weaker).
The effect is reversed for detectors placed near a magnetic pole.

[2] The Earth is not a perfect sphere, and its general shape can be approximated as an ellipsoid of
rotation, however it can be shown that this effect is entirely negligible. More important are those
small ‘irregularities’ represented by mountains. The number of neutrinos produced in showers
that develop above a mountain is (slightly) reduced because of the reduced thickness of air. Since
most (∼ 0.7) of the Earth surface is at sea level, while most neutrinos detectors are placed below
a mountain (that is used as an absorber), this results in a small reduction of the down-going flux.

[3] A third (smaller effect) is due to the average density profile of the atmosphere that changes with
latitude. Since the profile has also seasonal variations, the size of this effect can be constrained by
the (non)-observations of seasonal effects.

7.2. Detectors

The event rate for atmospheric neutrinos is of order ∼ 0.5 events/(Kton day), and to have appreciable
rates one needs very massive detectors. Moreover, to reduce the background due to secondary cosmic
rays that at the surface (at sea level) have a flux ∼ 200 particles/(m2 sec), the detectors have to be placed
deep underground. The component of γ, e± and hadrons can be absorbed with few meters of rock,
but to reduce significantly the flux of the penetrating muons, one needs a coverage of order of 1 Km
of rock. Detectors for atmospheric neutrinos have been constructed using essentially two techniques:
iron calorimeters with a segmentation of order 1 cm (such as Frejus, Nusex and Soudan-2) and Wa-
ter Cherenkov detectors like Kamiokande, IMB and Super-Kamiokande. Relativistic charged particles
moving in water with a velocity larger than βc = 1/n ' 0.75 (where n ' 1.33 is the refractive index
of the material) emit Cherenkov radiation; when β → 1 the light is emitted in a cone of semi-angle
θC = cos−1 n ' 42◦. Since water is transparent to the Cherenkov radiation, the photons can be detected
with sensitive elements (photo multiplier tubes or PMT’s) placed at the surface of the detector. This
method allows the construction of large detectors at a relatively low cost.
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The largest sample of data on atmospheric neutrinos has been obtained by the Super-Kamiokande
detector (see Fig. 11). The detector is a stainless steel cylinder with 42 meters of height and 39 meters of
diameter that contain 50 Ktons of water. A two meters layer of water is used as a veto counter, while the
inner volume (32 Kton) can be used to detect neutrino interactions. The surface of the inner volume is
instrumented with 11146 PMT’s each one with a diameter of 50 cm that look “inside”, while 1885 PMT’s
with 20 cm diameter look “outside” instrumenting the veto detector. The Super-Kamiokande detector
has taken data from april 1996 until november 2001, when the implosion of one phototube, started a
chain reaction, that destroyed approximately two thirds of the other PMT’s. The detector is currently
being repaired and will start taking data again in 2003.

Fig. 11: The Super-Kamiokande detector.

The most important class of atmospheric neutrino events are quasi-elastic interactions of type:

ν` + n→ `− + p ,

ν` + p→ `+ + n .
(125)

With increasing Eν events with the production of additional particles in the final state also become
possible (see Fig. 12).

Fig. 12: Atmospheric neutrino events detected by the Soudan–2 detector. The events at the left can be interpreted as νµ + n→
µ− + p because of the µ-like track and the short proton recoil. The next event is the other view of an event of the same type.

The next event can be interpreted as a “single shower” event of type νe + n→ e− + p or νe + p→ e+ + n. The last event is

a multiprong νµ (or νµ interaction).
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Muons in water lose energy continuously and emit Cherenkov light until they reach the critical
velocity, near the end of their range: Lµ ' 5 EGeV meters. This results in a ‘ring’ of Cherenkov light
at the surface of the detector. From the shape and brightness of the ring it is possible to determine the
point of creation of the particle and its direction and energy. Electrons in water undergo bremsstrahlung
and originate an electromagnetic shower, so that their energy is dissipated in the ionization of several e±

particles, each one generating a Cherenkov ring that overlap in a single visible ring that is more ‘fuzzy’
than those produced by muons, because of mutiple scattering effects. The difference between the ‘sharp’
(µ-like) and ‘fuzzy’ (e-like) rings allows to determine the flavor of the charged lepton (see Fig. 13). The

Fig. 13: Single-ring events in Super-Kamiokande. The event on the left is e-like, the one on the right µ-like.

flavor identification is easier when a single ring is present in the event, and for this reason “single ring”
events have been selected by SK at some cost in efficiency at higher neutrino energy when the production
of additional particles in the final state becomes more important. The results of Super-Kamiokande are
shown in Fig. 14. the 6 panels show the results for different classes of events. The first 4 classes of
events are “fully contained events”, that is events where the neutrino interacts inside a detector fiducial
volume (2 meters away from the detector walls for a fiducial mass of 22.5 Ktons) and no particle exits
from the detector. The events are divided into 4 categories according to the flavor identification (e or µ)
and the amount of visible energy (smaller or larger than 1.33 GeV). The other two classes of events are
throughgoing and stopping upward going muons. These are events generated by the charged current
interactions of νµ and νµ in in the rock below the detector.

The results of SK Fig. 14 are shown together with a standard model prediction (in the absence of
ν oscillations), and a with a prediction that assumes the existence of νµ ↔ ντ oscillations. In this case
the prediction depends on the two parameter ∆m2 and sin2 2θ, and the lines shown correspond to the
best fit values ∆m2 = 2.5 × 10−3 eV2 and sin2 2θ = 1.

Several points appear clarly from an inspection of Fig. 14. The first one is that for e-like events,
the data and the standard model (no oscillation) prediction are in good agreement with each other, note in
particular that the data exhibits the predicted up-down symmetry. On the other hand for all 4 categories
of µ-like events there is a significant deficit with respect to the prediction. Moreover these deficits exhibit
some very interesting dependence on the zenith angle. The most spectacular effect, and the key for the
interpretation of the result is the zenith angle distribution of the multi-GeV µ-like events, where the
number of up-going events (with zenith angle cos θz < 0) is only 1/2 of the number of down-going
ones (cos θz > 0).
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Fig. 14: Zenith angle distribution of Super-Kamiokande FC, PC and UPMU samples. Dots, solid line and dashed line corre-

spond to data, MC with no oscillation and MC with best fit oscillation parameters, respectively.

7.3. The νµ ↔ ντ interpretation.

It is simple to understand qualitatively how the assumption of νµ ↔ ντ oscillations can provide a good
description of the data. Under this assumption the neutrino fluxes at the detector are related to the no-
oscillation ones by:

φνe → φνe ,

φνµ → [1 − 〈Pνµ→ντ 〉] φνµ ,

φντ ' 0 → 〈Pνµ→ντ 〉 φνµ ,

(126)

and similarly for anti-neutrinos. In this equation, the brackets 〈〉 correspond to an average over the
position of the creation points of the neutrinos (and therefore the pathlength). After this average the the
oscillation probability will depend on the neutrino energy and direction, with a form that is determined
by the two parameters ∆m2 and sin2 2θ:

〈Pνµ→ντ 〉 = 〈Pνµ→ντ 〉(Eν , cos θz; ∆m2, sin2 2θ) .

Matter effects are ineffective in the case of two-flavor νµ ↔ ντ oscillations and one has the simple
formula:

Pνµ→ντ (L,Eν) = sin2 2θ sin2

[

∆m2 L

4Eν

]

. (127)

This probability takes some simple form in the limits of large or small L/Enu (where large or small is
defined comparing with 1/∆m2):

Pνµ→νµ =







0 for L small,

1 − sin2 2θ
2 for L large.

(128)
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Fig. 15: Neutrino pathlength as a function of the neutrino zenith angle. The solid line is the most likely distance, the dashed

lines correspond to ±34% of the events.

In the case of large L we have averaged over fast oscillations.

Evidence for the presence of oscillations in the νµ ↔ ντ case can be obtained either observing the
appearance of events with a τ∓ in the detector, or observing a suppression of the rate of µ-like events.
The threshold of charged current interactions for ντ and ντ is Ethresh

ντ
' mτ +m2

τ/(2mp) ' 3.5 GeV,
and the cross section is severely suppressed close to the kinematical threshold, therefore the flux of ντ

and ντ generated by the oscillations is very difficult to observe, while the disappearance effects can be
more easily detected. Clearly a detectable effect is a suppression of the rate of µ-like events with respect
to the no-oscillation prediction or, to eliminate systematic uncertainties, with respect to the e-like rate,
moreover it can be expected that disappearance effects can be a function of the zenith angle and energy
of the neutrinos, reflecting the functional form of the probability (127).

The neutrino pathlength L is very strongly correlated with the zenith angle θz (see Fig. 15). For a
first order analysis it is sufficient to observe that neutrinos are produced at a typical height h ∼ 20 Km,
with only a weak dependence on the energy, flavor and zenith angle (see [47] for more discussion) and
therefore to a reasonable approximation

L ' −R⊕ cos θz +
√

(R⊕ cos θz)2 + 2R⊕ h+ h2 . (129)

This expression ranges from L ∼ h ∼ 20 Km for vertically down-going neutrinos (cos θz = 1) to
L ' 2R⊕ + h ' 12740 Km for up-going ν (cos θz = −1). For horizontal neutrinos the pathlength
is Lhor '

√

2R⊕ h ∼ 500 Km. A natural expectations is that up-going neutrinos, that travel for a
longer distance will have larger oscillation probabilities than down-going ones, and therefore the rate of
up-going events will be more suppressed.

In order to understand the parameters ∆m2 and sin2 2θ that can fit the atmopheric neutrino data
it is best to look first at the multi-GeV data. Defining “Up” as the up-going rate (with cos θz,µ < −0.4)
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and “Down” as the down-going rate (with cos θz,µ > 0.4), the ratio is approximately one half:

(
Up

Down

)

multiGeV
= 0.54 ± 0.04 ± 0.01 . (130)

Experimentally one measures the direction of the charged leptons (e or µ) and not of the neutrino, how-
ever the two directions are correlated, and the average angle 〈θ`ν〉 shrinks with increasing energy ∝ E−1

` .
For sub-GeV events 〈θ`ν〉 ∼ 60◦, the correlation is rather poor, while for multi-GeV events 〈θ`ν〉 ∼ 10◦,
the correlation is much more strict, and to first approximation one can assume θz,µ ' θz,ν . It is then quite
easy to see how data and prediction can be reconciled, assuming the presence of νµ ↔ ντ oscillations
and choosing appropriately the parameters sin2 2θ and ∆m2 so that down-going events have negligible
suppression while down-going events have the average suppression as in equation (128). A rough es-
timate of the oscillation parameters is easy to obtain. The up/down ratio allows to estimate the mixing
parameter from:

1 − sin2 2θ

2
'
(

Up

Down

)

multiGeV
∼ 0.5 , (131)

giving sin2 2θ ' 1. To estimate ∆m2 one can use the fact that the critical length that separates “long”
(no-oscillation) from “short” (averaged oscillations) pathlengths correspond to the horizontal directions:

L∗ ' λ∗osc
2

' 2π 〈Eν〉
|∆m2| ' 1000 Km . (132)

For multi-GeV events, in first approximation one has 〈Eν〉 ∼ 3 GeV, with an estimate:

|∆m2| ' 2π (h̄c)

L∗ ' 3 × 10−3 eV2 . (133)

A measurement of the average suppression of the νµ and νµ flux can be obtained from the ratio
(µ)Data/µMC between the measured and predicted event rate. In order to reduce the systematic uncer-
tainty in the prediction it is useful to consider the “Double ratio”

R =

(

(µ)Data

(e)Data

)

/

(

(µ)MC

(e)MC

)

. (134)

Since as discussed before see equation (121)) the ratio between µ-like and e-like events can be reliably
predicted in the double ratio systematic uncertainties such as the absolute normalization of the flux
cancel. For multi-GeV events the double ratio measured by SK is:

RmultiGeV = 0.68 ± 0.03 (stat) ± 0.08 (sys) , (135)

this corresponds to best estimate for the oscillation probability averaged over all zenith angles and ener-
gies for this class of events.

The sub-GeV events are nicely consistent with this interpretation. The average oscillation proba-
bility can be obtained from the double ratio R:

RsubGeV = 0.64 ± 0.02 (stat) ± 0.05 (sys) (136)

is close to the one measured for the multi-GeV events, as it is expected. In this case the correlation
between the muon and the neutrino direction is less good, and therefore the up/down asymmetry for
muon events is less marked, but it still clearly visible.

The results of a detailed fit to the SK data results in the allowed region (at 90% C.L.) shown in
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Fig. 16, give the result:






|∆m2| ∼ (1.6 − 4.5) × 10−3 eV2 ,

sin2 2θ ≥ 0.90 ,

(137)

that corresponds to the qualitative estimate that we have discussed.
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Fig. 16: Allowed regions at the 68,90 and 99% confidence level for the νµ ↔ ντ oscillation hypothesis obtained by Super-

Kamiokande.

7.4. Upward-going muons

A different method to detect fluxes of νµ and νµ is the observation of neutrino induced upward-going
muons. In these events the neutrino interaction happens in the rock below the detector, and the µ∓

produced in charged current interactions propagate to the detector. In through-going events the muons
cross the detector, while in stopping events the muons range out inside the detector volume. Because of
the up-down symmetry of the atmospheric neutrino fluxes one expects (in the absence of oscillations, and
if the detector is placed at a sufficient depth) an equal number of ν-induced up-going and down-going
muon events, however down-going events cannot be separated from the flux of atmospheric muon events,
where the muon is produced directly in the atmosphere, and therefore only up-going events can be used
to study the neutrino fluxes, with the exception of exceptionally deep detectors. For a threshold energy
of order 1 GeV, The flux of ν-induced upgoing events is of order:

〈φµ↑〉 ' 2 × 10−13 (cm2 sec sr)−1 ' 60 [(1000 m2) year sr]−1 . (138)

For a rock overburden of order h ∼ 1 Km, the atmospheric muon flux is still approximately 105 times
larger that the ν-induced one. The two fluxes become comparable for a thickness of approximately 5 Km
of rock.

The range of a muon in rock is Rµ ' 1.7 EGeV meters, therefore high energy neutrinos can
produce up-going muons even if they interact far from the detector. For νµ and νµ with energy larger
than >∼ 10 GeV (the precise number depends of course on the dimension and geometry of the detector)
the event rate in up-going muons is larger than the rate of interactions inside the detector. The neutrino
energy that contribute to the fluxes of up-going muons is shown in Fig. 17: the median neutrino energy is
of order Eν ∼ 10 GeV for stopping events, and Eν ∼ 100 GeV for through-going events. In the presence
of νµ ↔ ντ oscillations with ∆m2 of the order suggested by the contained events one can expect that the
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flux of the (lower energy) passing events is suppressed by the averaged factor 1 − sin2 2θ for all zenith
angles except for directons very close to the horizontal plane, while for the higher energy through-going
events the suppression should be smaller, and with a non trivial dependence on the zenith angle, being
largest for the vertical direction.

Up-going muons have been the first type of atmospheric neutrino events to be observed [54] with
simple detectors placed in very deep mines is South Africa and in India. Larger samples of up-going
muons have been obtained by several detectors: Baksan [55, Frejus [56], MACRO [57], Kamiokande
[50] and Super-Kamiokande [52]. The first two detectors have measured fluxes that are compatible with
the no-oscillation hypothesis, while Kamiokande, MACRO and Super-Kamiokande have measured de-
viations from the no-oscillation hypothesis that can be well explained with the existence of νµ ↔ ντ

oscillations with parameters that are compatible with those indicated by the contained events observa-
tions. In the case of up-going muon events one cannot use the two “robust methods” (the µ/e ratio and
the up-down comparison) available for the contained events, since one can observe only νµ and νµ in
the up-going hemisphere, and therefore the systematic uncertainties are more important. In particular
the uncertainty in the prediction of the absolute rate of the fluxes is large of order of 15–20%, however
some measurements are affected by smaller uncertainties, and allow to test for the existence of ν flavor
transitions. The most robust prediction is the shape of the zenith angle distribution of the φµ↑. In the
absence of oscillations the shape of the distribution has a minimum (maximum) for the vertical (hori-
zontal) direction(s). This is a consequence of the fact that the decay of the π± and K± that generate the
neutrinos is more probable for horizontal mesons. This can be understood observing that mesons can
decay only during an interval in their trajectory that corresponds to an interaction length; this interval is
longer for horizontal mesons that are produced and travel higher in the atmosphere where the air density
is lower. This competition between interaction and decay is controled by geometry and can be predicted
accurately. In the presence of oscillations, vertical neutrinos that correspond to longer pathlength can
oscillate more, and are more suppressed than horizontal ones and the ratio vertical/horizontal becomes
smaller than in the no-oscillation case. This distortion of the predicted shape of the up-going muon flux
has been observed by Kamiokande, MACRO (see Fig. 18) and Super-Kamiokande (see Fig. 14.).
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7.5. The MACRO data

The MACRO detector that was located in Hall B of the Gran Sasso Laboratory, under a minimum rock
overburden of 3150 hg/cm2 was a large rectangular box of dimensions 76.6 × 12.3 m3, divided longi-
tudinally in six supermodules and vertically in a lower part (4.8 m high) and an upper part (4.5 m high)
(Fig: 18a). It had three types of detectors which gave redundance of informations: liquid scintillation
counters, limited streamer tubes and nuclear track detectors. This last detector was used only for new
particle searches.

The MACRO detector could measure three classes of atmospheric neutrino interactions
(see Fig. 18):

• The “Up throughgoing muons” (with Eµ > 1 GeV) are generated by νµ and νµ interactions in the
rock below the detector. The tracking is performed with streamer tubes hits; the time information,
provided by scintillation counters, allows the determination of the direction (versus) by the time-
of-flight measurement.

• The “Internal Upgoing” (IU) events come from νµ interactions inside the lower apparatus. Since
two scintillation counters are intercepted, the Time of Flihgt method can be applied to identify
the upward going muons. The a median parent neutrino energy for these events is ∼ 4 GeV. If
the atmospheric neutrino anomalies are the results of νµ oscillations with maximal mixing and
10−3 < ∆m2 < 10−2 eV2, one expects a reduction of about a factor of two in the flux of IU
events, without any distortion in the shape of the angular distribution.

• The “Up-going Stopping muons” (UGS) are due to νµ interactions in the rock below the detector
yielding upgoing muon tracks; The “semicontained downgoing muons” (ID) are due to νµ induced
downgoing tracks with vertex in the lower MACRO. The events are found by means of topological
criteria; the lack of time information prevents to distinguish between the two subsamples. An
almost equal number of UGS and ID events is expected. In case of oscillations, a similar reduction
in the flux of the up stopping events and of the semicontained upgoing muons is expected; no
reduction is instead expected for the semicontained downgoing events (which come from neutrinos
which travelled ∼ 20 km).
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A summary of the results of MACRO is given in Fig. 18 and in the Table below:

Events MCno osc R = (Data/MCno osc)

Upthroughgoing 809 1122 ± 191 0.721 ± 0.026stat ± 0.043sys ± 0.123th

IU 154 285 ± 28sys ± 71th 0.54 ± 0.04stat ± 0.05sys ± 0.13th

ID+UGS 262 375 ± 37sys ± 94th 0.70 ± 0.04stat ± 0.07sys ± 0.17th

The results are consistent with the existence of νµ ↔ ντ oscillations with a best fit point of sin2 2θ = 1
and ∆m2 = 2.5×10−3 eV2 (by coincidence very similar to the best-fit of SK). The data/prediction rates
for the three classes of events can be explained qualitatively very simply:

[1] The suppresion of the rate of internal up-going (IU) events, that are produced by neutrinos with
very long pathlength and low energy, can be explained with averaged oscillations, (no distor-
tions of the zenith angle distribution) and the suppression of ∼ 0.5 corresponds to maximal mix-
ing (sin2 2θ ∼ 1).

[2] The higher energy through-going events have a smaller suppression that is effective mostly for
vertical (very long pathlength) events. This can be interpreted as a consequence of the functional
dependence of the oscillation probability on the combination ∆m2 L/Eν . These high energy data
allow to determine a range of possible ∆m2 from the shape of the distortion of the zenith angle
distribution.

[3] The events belonging to the last class (ID + UGS) are a combinations of two sources. The
first source (ID) due to internal interactions of down-going neutrinos is little affected by oscil-
lations (because of the short pathlength). The second source (stopping up-going muons) that are
suppressed with average oscillations. The combination of the two effects give the average ef-
fect ' 0.70 the

The region in the plane (sin2 2θ,∆m2) allowed by the MACRO data is shown in Fig. 19, together with
the results of other measurements. All results are in reasonable agreement.
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Fig. 19: 90% C.L. allowed region contours for νµ ←→ ντ oscillations obtained by the Kamiokande, SuperKamiokande,

MACRO and Soudan 2 experiments.
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7.6. Three flavor analysis

In the discussion we have performed until now we have discussed an interpretation of the data in terms
of a simple two-flavor mixing between νµ and ντ , with νe a non-mixed state that corresponds to a mass
eigenstate. This simple hypothesis does allow a very successful description of the experimental results,
however it is clearly a very special situation. In the most general case the oscillations are controled by
three (two independent) squared mass differences, three mixing angles and one phase, and the discussion
is quite complex. The situation simplifies considerably if one assumes that one squared mass difference
(that without loss of generality can be labeled as ∆m2

12) is so small that is unobservable. For atmospheric
neutrino experiments this corresponds to the condition:

∆m2
12

(
L

E

)

max
' ∆m2

12

(
R⊕

(0.3 GeV)

)

� 1 , (139)

that corresponds to ∆m2
12

<∼ 10−4 eV2. In this situation (the “one mass scale dominance” approxima-
tion), as discussed in Section 4.4, the oscillation probabilities depend on three parameters:

• One squared mass difference: ∆m2 ' ∆m2
23 ' ∆m2

13.

• Two mixing angles θ13 and θ23 that describe the flavor content of the “isolated” (that does not
belong to a quasi-degenerate doublet) state that we have labeled ν3:

|ν3〉 = sin θ13 |νe〉 = sin θ13 cos θ23 |νµ〉 = sin θ13 sin θ23 |ντ 〉 .

The two-flavor discussion that we have developed until now corresponds to the special case θ13 ' 0 (with
the relabeling θ ≡ θ23, and the results obtained tell us that the “isolated” state ν3 is a linear combination
of νµ and ντ with approximately equal weight (since sin2 2θ23 ' 1 corresponds to θ23 = 45◦).

It is clearly of considerable interest to study both angles θ23 and θ13. It turns out that the best
measurement of θ13 has been obtained not with atmospheric neutrinos but with neutrinos from reactors
(see Section 9.), and gives an upper limit sin2 θ13 < 0.05. Therefore “a posteriori” the two-flavor
analysis of atmospheric neutrinos turns out to be a surprisingly good approximation. Analysis of the
atmosopheric neutrino data in terms of three flavor oscillations in the framework of the one mass scale
dominance approximation have been performed by SK. The result (see Fig. 33) gives allowed intervals
for ∆m2 and θ23 that are very close to the intervals obtained in the two-flavor analysis, while for the
other angle θ13 one obtains only an upper limit sin2 θ13 ≤ 0.75. The upper limit for the angle θ13 may
seem surprisingly large considering that these angle controls the oscillations of electron neutrinos, and
all e-like events are compatible with the absence of oscillations. The poor limit if θ13 can be understood
as the consequence of an interesting cancellation effect. After inclusion of oscillations, the flux of e-like
events can be schematically written as:

e = e0 [1 − Pνe→νµ − Pνe→ντ ] + µ0 Pνµ→νe (140)

in the limit of small ∆m2
12 one has the relations:

Pνe→νµ = Pνµ→νe ,

Pνe→νµ sin2 θ23 = Pνe→ντ cos2 θ23 .
(141)

Using the result sin2 θ23 ' cos2 θ23 ' 0.5 (that follows from sin2 2θ23 ' 1) one obtains: Pνµ→νe =
Pνe→νµ ' Pνe→ντ ' P , and substituting into (140) one obtains:

e ' e0 [1 − 2 P ] + µ0 P ' e0

{

[1 − 2 P ] +

(
µ0

e0

)

P

}

' e0 , (142)
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where we have used the result that before oscillations µ0/e0 ' 2. Therefore even if the oscillations of
electron neutrinos are rather large, the effect on the flux is small because one has a disappearance effect
that has two channels (νe → νµ and νe → ντ ) with approximately equal probability, and one appearance
effect (νµ → νe with the same transition probability, but a source that is twice as large, and to first order
the two effects cancel.

7.7. The νµ ↔ νsterile hypothesis

Since the effect observed in atmospheric neutrinos is the disappearance of µ-like events, it is natural
to ask the question if the physical process observed is in fact due to transitions νµ → ντ , or if it is
instead due to transitions νµ → νsterile, where νsterile is a singlet under the SU(2) ⊗ U(1) group of the
electroweak interactions that is a particle that does not interact with the W and Z bosons and is therefore
completely invisible.

The two type of oscillations can be distinguished using three methods:

(i) The most straightforward method is of course the detection of τ± leptons, that can be produced by
the charged current interactions of ντ and ντ in the case of νµ ↔ ντ oscillations, but are absent in
the case of νµ ↔ νsterile. However the expected rate of production of τ± is expected to be small
because only high energy neutrinos above threshold can contribute, and the identification of these
events is experimentally very difficult.

(ii) ντ and ντ can interact with neutral current interactions, while a sterile neutrino is by definition
non interacting; therefore in the hypothesis of νµ → νsterile oscillations, one should also observe a
suppression of the rate of neutral current interactions.

(iii) Another method to distinguish νµ ↔ ντ and νµ ↔ νsterile oscillations is the fact that in this second
hypothesis the oscillation probability is modified by matter effects. As discussed before matter
effects are absent in the case of νµ ↔ ντ oscillations since the effective potentials for νµ and ντ

are equal:

V (νµ) = V (ντ ) =
√

2 GF

[
Np

2
− Ne

2
− Nn

2

]

= −
√

2 GF
Nn

2
, (143)

where Np, Ne and Nn are the densities of protons, electrons and neutrons, and we have used the
condition of electric neutrality (Ne = Np). On the other hand, the absence of interactions results
in V (νsterile) = 0, with a potential difference:

Vµs = −
√

2GF
Nn

2
' −10−13 eV

(
ρ

5 g cm−3

)

. (144)

Note that the potential difference Vµs differs by a factor of 2 and by a sign from the potential
difference Veµ = Veτ .

The potential difference becomes significant when it is comparable or larger than the energy dif-
ference between different neutrinos eigenmass states:

|Vµs| ≥ |E2 −E1| '
|∆m2|
2Eν

, (145)

that is for a neutrino energy larger than: Eν ≥ |∆m2|/(2|Vµs|) ∼ 60 GeV, where we have used |∆m2| =
3 × 10−3 eV2 and a density ∼ 5 g cm−3 for the numerical estimate. It follows that the matter effects are
a negligible effect for the sub-GeV and multi-GeV events and become important (and then dominant)
only at higher energy. In this case the most important consequence of the matter effects is a suppression
of the oscillation probability at large energy. This suppression can be understood from the expression for
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the effective mixing parameter in matter sin2 2θm, that for maximal mixing in vacuum is:

sin2 2θm =
1

1 + (2Vµs Eν/∆m2)2
, (146)

that is suppressed ∝ E−2
ν at large neutrino energies.

Super-Kamiokande has analysed its data to test if the νµ ↔ νsterile oscillation hypothesis can
provide a valid answer. In order to test this hypothesis the collaboration has analysed three samples
of data:

(i) A neutral current (NC) enriched sample constructed as a set of contained events where the highest
energy particle (ring) is e-like. This sample of events contains only a small contamination of νµ

(νµ) CC interactions, and is composed by a combination of νe (νe) CC interactions and NC (neutral
current) interactions.

(ii) A sample of large energy, µ-like, contained events selected with large visible energy: Evis >5 GeV.

(iii) The through-going upward-going muon events.

The first type of events allows to study if neutral current interactions are suppressed (oscillations
with νsterile) or not (oscillations with νµ). In the first case one should observe an up-down asymmetry of
the events due to the disappearance of up-going neutral current interactions. The second and third classes
of events select high energy neutrinos. The oscillation of these high energy neutrinos is suppressed in
the νµ ↔ νsterile case, because of the existence of matter effects. The data (see Fig. 20) shows no
evidence for an up-down asymmetry of the neutral current events, and no evidence for a suppression of
the mixing parameter sin2 2θ with energy, and this has allowed the SK collaboration [53] to eliminate the
νµ ↔ νsterile hypothesis at more than 3 sigmas. This results is confirmed by the analysis of throughgoing
muons of the MACRO collaboration [59].

zenith angle distribution of N.C. enriched multi-ring events (1144days)
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Fig. 20: Zenith angle distributions of left: NC enriched sample, center: high-energy PC sample, right: up-through-going muon

sample (from [53]).

It is natural to consider a more general situation where muon (anti-)neutrinos oscillate into a linear
combination of type cos ξ νµ + sin ξ νsterile. A preliminary analysis of SK results in a 90% C.L. upper
limit sin2 ξ ≤ 0.25 (see then bottom panel of Fig. 21).

163



0.001

0.002

0.003

0.004

0.005

0.006

0.007
0.008
0.009
0.010

0 0.2 0.4 0.6

68%

90%

99%

∆m
2  (

eV
2 )

sin2ξνµ→ντ

νµ→(cosξντ + sinξνs)

Fig. 21: Limit on the Sterile Content of Atmospheric Neutrino Oscillations. The limit on the sterile content is sin2 ξ < 0.25 at

90% C.L.

7.8. Alternative explanations

Several alternative mechanisms have been proposed as explanations of the atmospheric neutrino data,
based for example on the possibility of neutrino decay [62], violations of the equivalence principle
[63,64], the existence of Flavor Changing Neutral Currents (FCNC) [65], or the effect of large extra di-
mensions [66–68]. Most of these models are excluded by the data (for reviews see [60,61]). The reason
for this is that atmospheric neutrino data probe three decades in pathlength L and four decades in energy
E. Such a wide dynamical range severely constrains deviations from the standard L/E behavior of the
Pµτ transition probability. Therefore, Pµτ seems to be (dominantly) a function of L/E. Models that still
give a reasonable fit are those that have a probability that is a function of L/E but with a non-oscillatory
behaviour, such as in neutrino decay ([62]), or in the decoherence scenario of [69]. In these models the
survival probability (after averaging) has the same “asymptotic” form for large L/E, but a monotonic
behaviour. The large energy-angle smearing of SK prevents a clear discrimination (see Fig. 22).

Fig. 22: Survival probability Pνµ→νµ
capable of explaining the atmospheric neutrino data. The oscillating curve is the result

of a standard oscillation scenario (with best fit parameters). The solid curve can be obtained in a neutrino decay scenario [62].
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Fig. 23: The pp fusion cycles for the burning of hydrogen in the sun (and other main sequence stars). For each branch is

indicated the probability calculated in the standard solar model. In parenthesis are indicated the different sources of neutrinos

(pp, pep, 7Be, 8B and hep).

8. SOLAR NEUTRINOS

8.1. The Solar neutrino fluxes

The energy of the sun is produced in nuclear fusion reactions (for reviews see [70,71]). The process that
generates the energy is the combination of 4 protons and 2 electrons to produce a helium-4 nucleus and
two neutrinos:

4p+ 2e− → 4He + 2νe . (147)

Each one of these reactions releases a total energy energy Q:

Q = 4m2
p + 2m2

e −mHe = 26.73 MeV, (148)

this energy is shared as kinetic energy among all final state particles. The neutrinos produced in the
reaction escape from the sun, carrying away a fraction of the released energy, while the kinetic energy of
the other particles is the source of the thermal energy of the sun. The flux of solar neutrinos is then given
by the equation:

Φνe ' 1

4π d2
�

2L�
(Q− 〈Eν〉)

, (149)

where L� = 3.842 × 1033 erg/s is the solar luminosity, d ' 1.495 × 1013 cm is the sun–earth distance,
and 〈Eν〉 ' 0.3 MeV is the average energy carried away by neutrinos in a fusion cycle. Equation (149)
predicts that there is an enormous flux (φν� ∼ 6 × 1010 (cm2 s)−1) of solar neutrinos that reaches the
Earth. The fusion reaction (147) can happen with different sets (or “cycles” of reactions) that produce
the same final particles, but that result in different energy distributions for the neutrinos, therefore for
a detailed prediction of the neutrino fluxes one needs to build a model of the sun and compute the
contributions of the different cycles.

Main sequence stars burn their hydrogen into helium with three pp cycles (see Fig. 23) and/or with
a CNO bi-cycle. The pp cycles are the dominant mechanism for energy production in cooler (lower mass)
stars while the CNO bi-cycle mechanism is dominant for hotter (larger mass) stars. In the sun ∼ 98.5%
of the energy is produced with the pp cycles and only 1.5% with the CNO bi-cycle (that to a good
approximation can be neglected).
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Fig. 24: Energy spectrum of solar neutrinos for the 4 most important sources: pp, 8B, 7Be and pep. calculated according to the

standard solar model of [72]. The arrows indicate the energy threshold of the 4 experiments that have reported measurements

of solar neutrinos. The Gallium experiments have the lowest threshold and are sensitive to all sources, including the most

abundant pp neutrinos. The (heavy) water cherenkov detectors Super-Kamiokande and SNO are sensitive only to the highest

energy 8B neutrinos.

In order to compute the relative importance of the different fusion cycles, and to obtain a precise
prediction for the fluxes of neutrinos emitted by the sun, it is necessary to compute in detail the structure
of the sun, that is the profiles of its density, temperature and composition, and the rates for the different
nuclear reactions (that also depend on the position inside the sun). This is the task of the “Standard Solar
Model” [72,74] that uses well known physics and some approximations, notably spherical symmetry
and the absence of rotation, to compute the structure of the sun and predict the neutrino fluxes. The
initial condition of the problem is a total mass of material and an initial composition that is estimated
as equal to the present composition at the surface (the fraction of helium is not measured and is a free
parameter). The solar mass form an hydrodynamical equilibrium configuration, the compression of the
core generates heat, that allow the beginning of nuclear fusion reactions that release additional energy.
The composition of the core evolves with time according to the rates of the nuclear reactions, and the
structure slowly evolves according to these changes. The observed solar radius and energy output are
constraints in the calculation.

8.1.1. The pp cycles

The main components of the solar neutrino flux are shown in Fig. 24, and are also tabulated in Table 1.
The different components are the result of different cycles of nuclear burning that all result in the same
effect of combining 4 protons and two electrons to produce a helium-4 and two neutrinos, but produce
neutrino with different energy distributions.

A brief description of the pp cycles can be summarized as follows. The first step in the pp cycles
is the formation of deuterium (2H). This happen most of the time with the weak interaction two-body
reaction:

pp→ 2H + e+ + νe [pp neutrinos] .

This reaction is the source of the so called pp neutrinos. In the dense environment of the solar core also
the three body reaction

p+ e− + p→ 2H + νe [pep neutrinos]
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Table 1: Predictions of the solar neutrino fluxes.

Source Reaction 〈Eν〉� Flux Cl Ga

(MeV) (cm2sec)−1 (SNU) (SNU)

pp p+ p→ 2H + e+ + νe 0.2668 5.95 1010 0.0 69.7

pep p+ e− + p→ 2H + νe 1.445 1.40 108 0.22 2.8

hep 3He + p→ 4He + e+νe 9.628 9.30 103 0.04 0.1
7Be 7Be + e− → 7Li + νe 0.814 4.77 109 1.15 34.2
8B 8B → 8Be + e+ + νe 6.735 5.05 106 5.76 12.1
13N 13N → 13C + e+ + νe 0.706 5.48 108 0.09 3.4
15O 15O → 15N + e+ + νe 0.996 4.80 108 0.33 5.5
17F 17F → 17O + e+ + νe 0.999 5.63 106 0.0 0.1

Total 7.6 +1.3
−1.1 128 +6.5

−6.0

can happen and results in an approximately monochromatic neutrino line (pep neutrinos with Eν =
1.41 MeV). The deuterium generated in these reactions rapidly absorbs one proton with the reaction
d + p → 3He + γ, producing Helium-3. The 3He is consumed in interactions with another 3He or with
a 4He nucleus. In the first case (the 3–3 branch) the reaction is: 3He + 3He → 4He + γ that completes
the cycle (pp–I chain) with the formation of helium-4. In the other (3–4) branch one has the reaction
3He + 4He → 7Be + γ producing beryllium-7. The two possible fates of the beryllium nuclei determine
an additional branching. The most likely event is an electron capture reaction:

7Be + e− → 7Li + νe [7Be neutrinos] .

The lithium nucleus is formed in the ground state or in an excited one, and therefore the 7Be neutrinos
form two lines with 0.8631 MeV (89.7%) and 0.3855 MeV (10.3%). The Lithium then absorbs a proton
to produce two 4He nuclei completing the (pp–II) cycle.

The second branch for the Beryllium nuclei is the absorption of a proton to produce 8Boron, that
undergoes a beta decay into two 4He nuclei:

8B → 24He + e+ + νe [8B neutrinos] ,

completing the (pp–III) cycle. The 8B neutrinos extend up to the highest energy of 14 MeV, and even
if they are only a fraction 10−4 of the flux, play a very important role in the detection of the solar
neutrinos. It is important to understant that the kinetic energy of the interacting particles is of order
Ekin ∼ Tcenter ' 1.5 × 107 Kelvin ' 1.5 KeV is small with respect to the energy released in the
reaction, therefore the shape of the neutrino spectra emitted in each reaction is determined uniquely by
particle physics, with no dependence from the modeling of the sun that has simply the role of determining
the relative importance of the different branches.
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8.2. Detection of Solar Neutrinos

Measurements of the solar neutrino fluxes have been reported from several experiments using four dif-
ferent methods of detection. They all have reported measurements smaller than the prediction.
The Chlorine experiment
In the “Chlorine experiment” one exposes 37Cl to solar neutrinos, and detect the argon-37 (a radioactive
unstable nucleus) produced in the reaction

νe + 37Cl → 37Ar + e−. (150)

This reaction has a threshold energy of 0.814 MeV. An experiment based on this technique, has been
constructed by Raymond Davis and his collaborators in the Homestake mine in South Dakota (US), and
has been taking data from 1969 to 1993. This detector first reported a deficit in the neutrino flux [75].

The Gallium experiment
A lower energy threshold (E = 0.214 MeV) can be obtained using a Gallium target, and the reaction

νe + 71Ga → 71Ge + e−. (151)

The Chlorine and Gallium experiments are known as Radio–chemical methods, they both are sensitive
only to electron neutrinos, in fact since an e− is present in the final state νµ, ντ and anti-neutrinos cannot
induce the nuclear transitions (150) and (151). Two detectors based on the gallium technique have been
taking data: GALLEX [76] in the Gran Sasso underground laboratory and SAGE [77] in Russia.

The quantity that is measurable in the radiochemical experiments such as the Chlorine and Gallium
experiments is a capture rate, that is the probability per unit time that a target nucleus exposed to the solar
neutrinos “captures” a solar neutrino with a reaction of the type (150) or (151). The capture rate can be
calculated as:

Cj =

∫

dE φν�(E) σj(E) , (152)

where φν�(E) is the flux of solar neutrinos with energy E and σj(E) is the cross section (the subscript
j indicates the reaction considered). The capture rate is measured in units of sec−1. It has become
customary to use the unit:

1 SNU ≡ 1 Solar Neutrino Unit = 10−36 sec−1 . (153)

In Table 1 we show the estimates for the capture rates in chlorine and gallium, and the contributions of
the different components of solar neutrinos. Note that the Chlorine experiment is mostly sensitive to the
intensity of the boron and beryllium neutrinos, while the most abundant pp neutrinos are below threshold,
while more than half the rate for Gallium experiments is predicted to be generated by pp neutrinos.

Electron Scattering
Solar neutrinos are also detectable observing the Elastic Scattering on electrons:

νx + e− → νx + e− . (154)

This reaction does not have a threshold, however it is detectable above the natural radioactivity back-
ground only when the final state electron has a sufficiently high energy. Threshold as low as E > 5 MeV,
have been obtained. This method can only reveal the highest energy (8B) solar neutrinos. The electron
scattering method is sensitive to all neutrino types, however the cross section for νe is is approximately 7
larger than for νµ and ντ . The final state electron in the reaction (154) is emitted in a direction strongly
correlated with the neutrino one. This technique has been first used by the Kamiokande [79] detector
in Japan, and then by the larger size Super-Kamiokande [83] detector. The cross section for neutrino
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electron-scattering is given by the expression:

dσνxe

dT
=
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2
e

π

[
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where T is the kinetic energy of the final state electron and the constants g2
L and g2

R have values:

g2
L =







(
1
2 + sin2 θW

)2
' 0.536 , νe

sin4 θW ' 0.0538 , ν̄e
(

−1
2 + sin2 θW

)2
' 0.0719 , νi

sin4 θW ' 0.0538 , ν̄i

g2
R =







sin4 θW ' 0.0538 , νe
(

1
2 + sin2 θW

)2
' 0.536 , ν̄e

sin4 θW ' 0.0538 , νi
(

−1
2 + sin2 θW

)2
' 0.0719 , ν̄i

For electron neutrinos the cross section is approximately σ(νee) ' 1.0 × 10−44 EMeV cm2 while for νµ

and ντ the cross section is σ(νµ,τ ) ' 0.15 × 10−44 EMeV cm2 is approximately 7 times smaller.

Heavy Water
Two other methods to measure solar neutrinos make use of a deuterium target. The Sudbury Neutrino
Observatory (SNO) detector in Canada [85] contains 1 Kton of heavy water. One could expect that the
reaction νe + n → e− + p plays an important role in the detection of solar neutrinos, however free
neutrons do not exist in nature, therefore this reaction can only be observed with bound neutrons in
nuclei, and for nearly all nuclei the threshold for the reaction νe + (A,Z) → e− + (A,Z + 1) is too
high for solar neutrinos. The deuterium nucleus with its small binding energy (2.2 MeV) is the closest
approximation of free neutrons, and the reaction

νe + d→ e− + p+ p (156)

has an energy threshold of only 1.44 MeV. The positron detected in the reaction can be observed. The
reaction (156) is only sensitive to νe.

Deuterium allows also to detect solar neutrinos with the neutral-currect reaction:

νx + d→ νx + p+ n , (157)

where deuterium in broken up into its nucleon constituents. This reaction has a threshold of 2.2 MeV,
and a cross section that is identical for all flavors; it can be detected observing the photons emitted in the
capture of the final state neutron: n+ (A,Z) → (A+ 1, Z) + γ.

8.3. Experimental Results

In Fig. 25 is shown the distribution of the angle θsun (angle with respect to the the sun direction) for
all particles detected particles in Super-Kamiokande with an energy larger than 5 MeV. There is clear
evidence for a contribution due to solar neutrinos above a flat background. With the electron scattering
technique the sun is “seen” in neutrinos in the sense that a real image (even if rather blurry) can be
constructed using neutrinos.

169



Super-Kamiokande

θsun

cos ΘSun

Ev
en

t/d
ay

/k
to

n/
bi

n

0

0.05

0.1

0.15

0.2

0.25

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Fig. 25: Distribution of cos θsun of Super-Kamiokande events. The peak at cos θsun ' 1 is the contribution of events generated

by electon scattering: ν + e− → ν + e−, superimposed on a flat background.

The energy and zenith angle distribution of the SK events are shown in Fig. 26. It should be noted
that there are not statistically significant distortions with respect to a no-oscillation prediction. This sets
important constraints on possible solutions in terms of ν oscillations.
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Fig. 26: The left panel shows the energy spectrum of the events measured by Super-Kamiokande in the solar neutrino signal

plotted as the ratio to the Standard Solar Model calculation of [72]. The horizontal solid line is the ratio for the total flux, the

dotted band around this line is the systematic uncertainty due to the energy scale. There is no evidence for a spectral distortion.

A flat ratio gives a χ2/d.o.f. = 19.0/18. The right panel shows the zenith angle distribution of the Super-Kamiokande events

in the solar neutrino signal. Neutrinos detected during the night have traveled inside the Earth. From [83].

The Sudbury Neutrino Observatory (SNO) in Canada uses as sensitive material one kiloton of
heavy water (D2O) contained in a transparent acrylic shell of 12 meter diameter. The Cherenkov photons
emitted by charged particles are detected by a system of 9546 PMT’s mounted on a geodesic structure
iof 17.8 meters of diameter. The geodesic structure is also immersed in ultra-pure water to provide
shielding. The right panel of Fig. 27 shows results obtained with the SNO detector. The top panel shows
the distribution in cos θ� of all events with energy larger than 5 MeV. For a heavy water detector one has
three different contributions:

• Events due to electron scattering (νe + e− → νe + e−) that have an angular distribution peaked at
small θ�.

• Events due to the charged current scattering process νe + d → e− + p + p. In this process the
electron is produced with an energy Ee ' Eν − 1.44 MeV and an approximately flat angular
distribution with a small negative slope in cos θsun, so that the most likely scattering is backward.

• Finally the 6.5 MeV photons produced in the neutron capture process n + d → T + γ give an
isotropic (flat in cos θ�) distribution. Most neutrons are produced by the neutral current reaction
νx + d→ νx + p+ n
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One can see that because of the different angular, and energy (see the botton panel in Fig. 27) it is possible
to disentangle the three contributions.

The central panel in Fig. 27 shows that in the inner fiducial volume the event rate is uniform,
as expected for neutrino interactions (while background events induced by radioactivity is concentrated
near the outer region.
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Fig. 27: Left panel: the SNO detector. The inner vessel contains 1 Kton of ultra-pure heavy water. Right panels: (a) Distribution

of cos θ� of the detected events in the inner fiducial volume (R < 0.55 m). (b) Distribution of the volume weighted variable.

(c) Kinetic energy distribution of the events in the inner fiducial volume. Also shown are the Monte Carlo prediction for the

three classes of events: CC (νe + d → e+ + p − +n), Electron Scattering (ES: νx + e− → νx + e−), and Neutral currents

(νx + d→ p+n). The shapes of the curves is fixed, but the relative normalization is fitted to the data. The bad indicated ±1 σ

uncertainties. The dashed lines are the sum of all contributions. All distributions are for a detected kinetic energy larger than

5 MeV. From [86].

In Table 2 we show the results of the different measurements of solar neutrinos and compare with
the predictions based on the solar model of Bahcall et al [72]. The last column in the Table shows the
ratio of the measured rate with the theoretical prediction based on the no-oscillation hypothesis. All
experiments detect a significant deficit.

The top part of Table 2 gives the results for the radiochemical experiments: the chlorine one [75],
and the two Gallium experiments GALLEX [76,78] and SAGE [77]. For this part of the Table the unit
used for both data and prediction is SNU (or 10−36 neutrino captures per nucleus and per second). The
bottom part of the Table gives results of the measurement of the highest energy part of the solar neutrino
flux, where only neutrinos from Boron-8 decay contribute, and the unit used for both measurement and
prediction is a flux: [106 (cm2 s)−1]. This mean that the results are given in term of an undistorted
flux of neutrinos with only the absolute normalization free. The flux of 8B neutrinos has been mea-
sured with three different techniques: (i) electron elastic scattering (ES), (ii) CC νe–deuterium scattering
(νe + d → e−pp), and (iii) the observations of the capture of neutrons produced in the NC reactions
νx + d → νx + p + n. The electron scattering experiment has been performed by three experiments
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Table 2: Measurements of solar neutrinos and comparison with no-oscillations predictions.

Experiment Prediction Data Data/Prediction

Chlorine 7.6+1.3
−1.1 2.56 ± 0.23 0.34 ± 0.06

GALLEX + GNO 128+9
−7 74.1+6.7

−7.8 0.58 ± 0.07

SAGE 128+9
−7 75.4+7.8

−7.4 0.59 ± 0.07

8B–ES [Kamiokande] 5.05 +1.0
−0.8 2.80 ± 0.40 0.55 ± 0.13

8B–ES [SuperKamiokande] 5.05 +1.0
−0.8 2.40 +0.09

−0.07 0.48 ± 0.09

8B–ES [SNO] 5.05 +1.0
−0.8 2.39 ± 0.24 0.47 ± 0.12

8B–CC [SNO] 5.05 +1.0
−0.8 1.76 ± 0.06 0.35 ± 0.08

8B–NC [SNO] 5.05 +1.0
−0.8 5.09 ± 0.44 1.0 ± 0.20

(Kamiokande [82], Super-Kamiokande [83] and SNO [85] the measurements using deuterium have been
performed by SNO alone.

Inspecting Table 2 and comparing the measurements to the predictions one can make several im-
portant points:

[1] There is a statistical very significant deficit of neutrinos that is observed by all measurements,
except for the measurement tha involves neutral currents. This is evidence for the “disappear-
ance” of νe

[2] The deficit is not equal for different experiments that probe different energy regions of the spec-
trum. The Gallium experiments, that probes the lowest energy solar neutrinos, observes the small-
est deficit, while the chlorine experiment observes the largest deficit. This is evidence for a non
trivial energy dependence of the disappearance probability P (νe → νx).

[3] The three measurements of the highest energy (8B) neutrinos with the electron-scattering tech-
nique are all in in good agreement with each other, however the measurement of SNO using CC
interactions on deuterium indicates a larger deficit. A careful statistical analysis [85] shows that
the measurements of the ES and CC method differ by 3.3 standard deviations. This can be ex-
plained assuming that the “disappearing” νe are transformed into νµ or ντ that can still contribute
a suppressed but non zero contribution to the electron scattering event rate (see Fig. 28).

[4] This interpretation is confirmed by the agreement of prediction and observations for the neutral
current events.

The “real-time” experiments of Super-Kamiokande and SNO, also give a time distribution and
an energy spectrum of the detected neutrino events. This allows also to perform more detailed studies,
searching for effects such as:

[1] A deformation of the energy spectrum of the neutrinos with respect to a prediction that depend
uniquely on particle physics. No significan deformation has been observed (see Fig. 26).

[2] A difference of the detected rate between day and night (or more in general on the orientation of
the sun with respect to the detector, that is on the sun zenith angle). Neutrinos detected during the
night have traversed the Earth, and it is possible that the presence of the Earth matter modifies the
flavor transition probabilities.
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[3] A non trivial seasonal effect. In the minimal statdard model, that is if neutrinos do not oscillate the
solar neutrino flux does depend on the season because of the eccentricity of the Earth orbit around
the sun, since the solar neutrino flux obviously is proportional to r−2

� (where r� is the sun–earyth
distance). In the presence of oscillations, if the oscillation length is comparable to the average
sun–earth distance one can have more complex seasonal variations. The experimental data do not
exhibit deviations from the simple r−2

� scaling law.

8.4. Interpretation

In the presence of neutrino flavor transitions the event rates for the solar neutrino detectors are suppressed
because the electron neutrino flux at the Earth becomes

φνe,�(E) = φSSM
ν� (E) × Pνe→νe(E) , (158)

where φSSM
ν� (E) is the Standard Solar Model (SSM) prediction. In the case of electron scattering, the

effective flux that can generate the scattering is a linear combination (with different weights) of the νe

and νµ,τ fluxes that reach the earth. Therefore one has to make the substitution:

φSSM
ν� (E) → φSSM

ν� (E) ×
{

Pνe→νe(E) + [1 − Pνe→νe(E)] × σνµ,τ (E)

σνe(E)

}

. (159)

Qualitatively it is clear that neutrino oscillations is a natural candidate for explaining the data. The
question is now to verify if it is possible to find values of the oscillation parameters (squared mass differ-
ences and mixing angles) that give predictions that are in quantitative agreement with the experimental
data. For simplicity we will consider the case of two flavor (νe–νµ or νµ–ντ ) mixing. In this case the
νe survival probability, averaged over all creation points of the neutrinos, will be a function of the two
parameters θ and ∆m2, where θ ∈ [0, π

2 ] is the 2-flavor mixing angle, and ∆m2 the squared mass dif-
ference. This description of the oscillation of solar νe in terms of simple two-flavor mixing is actually
a very good approximation of the most general case in the light of the results of atmospheric and reac-
tor neutrinos. These results indicates that νe’s do not participate in the “fast” oscillations related to the
squared mass difference ∆m2

atm. This can be interpreted a rather stringent upper limit on the size of θ13.
It is easy to demonstrate that in the limit of θ13 → 0 the oscillation probability Pνe→νe is identical to
what is calculated with two-flavor mixing with the substitutions ∆m2 → ∆m2

12 and θ → θ12.
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A detailed study of the parameter space (that is the plane (tan2 θ12,∆m
2
12))

13) reveals that there
are values of the parameters that allow to reproduce the total rates measured by the different experiments.
These disconnected regions are shown in Fig. 29 as dark-shaded (red) regions. The 4 disconnected parts
are commonly named:

(a) LMA
The Large Mixing Angle solution corresponds to the region with small mixing angle
tan2 θ ' 10−3 and ∆m2 ∈ [0.9, 10] × 10−5 eV2.

(b) SMA
The Small Mixing Angle solution corresponds to the region with large mixing angle
tan2 θ ∈ [0.2, 0.5] and ∆m2 ∈ [0.4, 1] × 10−5 eV2.

(c) LOW
The so called “Low” solution corresponds to a region again with large mixing angle
tan2 θ ' 0.5 but with lower ∆m2: ∆m2 ∈ [0.8, 1] × 10−7 eV2.

(d) Vacuum
The “vacuum solution” corresponds to a subset of disconnected region with tan2 θ
around one (that is θ ∼ 45◦, and ∆m2 ∼ 10−10 eV2.

A detailed analysis of the data of Super-Kamiokande and SNO (including the spectral shape and the
day–night differences) disfavors some of these solutions, and the LMA solution emerges as the most
likely solution. This is indicated in Fig. 29 and Fig. 30.

The complexity of the shape of the parameter space region that can explain the detected rates of
the solar neutrino experiments, is due to some remarkable features of the flavor transition probabilities
in matter with a varying density that are discussed in the following.

It is simple to see that because of the shape of the oscillation probability in matter for fixed neutrino
13Note that the since the mixing angle θ12 is defined in the interval θ ∈ [0, π

2
], sin2 2θ is not a good variable because two

physically different points (θ and π − θ) are mapped into the same value. On the other hand sin2 θ12 or tan2 θ12 are good
variables.
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energy Eν , the set of points in the parameter space (sin2 2θ,∆m2) that give a desired survival probability
〈Pνe→νe〉 = P ∗ has the shape of a “triangle” (see Fig. 31).

The allowed region in parameter space has recently been very much reduced thanks to the data of
SNO. The results are shown in Fig. 30 (from [87]). The top panel shows the allowed region obtained
from the SNO data alone. The bottom panel gives the allowed region including all existing data. The
best fit point is:

∆m2
12 = 5 × 10−5 eV2 ,

tan2 θ12 = 0.32 .
(160)

9. REACTOR NEUTRINOS

Nuclear reactors are intense, isotropic sources of ν̄e produced in their core as β-decay products of fission
fragments (for a review and extensive references see [88]). In commercial nuclear reactors the energy is
released in neutron induced fissions with a nuclear fuel constituted by uranium enriched (to 2–5 %) in
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energy is below 10 MeV, with an average value ∼ 3 MeV. The neutrinos above the detection threshold
(Eνe > 1.8 MeV) are produced only in the decay of short lived fission fragments and therefore the flux
is very strongly correlated with the thermal power output of the nuclear reactor. For a detailed estimate
one has to consider the composition of the fuel, since four types of nuclei can undergo fission 235U,
238U, 239Pu, and 241Pu. The chemical composition of the nuclear fuel slowly evolves with time, and this
must be also be taken into account. Taking into account all uncertainties a nuclear reactor ν e flux can be
estimated with an uncertainty of ' 3%.

The νe produced in the nuclear reactions can be detected with the reaction:

ν̄e + p→ e+ + n . (163)

This reaction has a threshold of 1.8 MeV and gives rise to two detectable signals: a prompt one from e+

production and the annihilation into two photons; and a delayed photon signal from neutron capture (after
neutron thermalization). The energy of the photon emitted in n capture is 2.2 MeV for the reaction np→
dγ; it is often convenient to “dope” the scintillator with nuclei that have a large n capture cross section,
and result in higher energy photons, for example from n capture by Gadolinium one obtainsEγ ' 8 MeV.

9.1. Chooz and Palo Verde

Recent important measurements of reactor νe have been performed by two detectors: Chooz [89] (in
France), and Palo Verde [90] (in the USA) with a baseline of approximately 1 Km. A scheme of the
set-up of the Chooz detector is shown in Fig. 32. The source of neutrinos was composed of two nuclear
reactors, each with the thermal power of 4.2 GWatt. During a significant fraction of the data taking only
one of the reactors was in operation, and this allowed to study the backgrounds not-related to the neutrino
flux that are independent from the reactor power while the signal is linear with the instantaneous power
generated in the reactors cores.

The results of the Chooz experiments [89] are shown in Fig. 32 as the measured energy spectrum
of the detected positrons, compared to a calculated prediction in the absence of neutrino oscillations.
The energy spectrum extends from zero to 10 MeV with a maximum at approximately 3 MeV. The ratio
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between the measured spectrum and the theoretical prediction is:

RChooz =
DATA

Prediction
= 1.01 ± 2.8% (stat) ± 2.7% (syst) . (164)

The systematic error is due to uncertainties in the prediction of the neutrino fluxes (in the absence of
oscillations)14 . The Palo Verde experiment [90] has obtained a similar results:

RPalo Verde = 1.01 ± 2.4% (stat) ± 5.3% (syst) . (165)

For both experiments the ratio Data/Prediction is consistent with unity. In the presence of oscillation
the flux of νe at the detector would be suppressed by an energy dependent factor Pν e→νe(E,L), where
L is the distance between the detector and the reactors nuclear core (the νµ or ντ generated by flavor
transitions are below threshold to interact). The fact that no suppression of the flux is observed can be
interpreted estimating an excluded region in the space of oscillation parameters. Qualitatively, it is clear
that the result means that either the oscillation lengths for the transitions are longer than the distance
L relevant for these experiments, or that the the oscillations can develop however their amplitude is
sufficiently small that the effect remain unobservable. The simplest interpretation of the data is in terms
of the “One mass scale dominance model”. This is equivalent to say that the smallest squared mass
difference (∆m2

12) is too small to have any influence, that is:

∆m2
12

<∼ (h̄c)
1.8 MeV

1 Km
' 4 × 10−4 eV2 . (166)

In this case the oscillation probability can be written as:

Pνe→νe = 1 − sin2 2θ13 sin2

[

1.27
∆m2(eV2) L(meters)

E(MeV)

]

. (167)

This formula depends on two parameters: ∆m2 ' ∆m2
23 ' ∆m2

13 the ‘large’ neutrino squared mass dif-
ference and the mixing parameter sin2 2θ13. As discussed in Section 4. one has that sin2 θ13 = |〈νe|ν3〉|2,
and therefore the oscillations vanish (that is sin2 2θ13 = 0 and Pνe→νe = 1) when θ13 = 0, that is when
the state |ν3〉 has no overlap with |νe〉, or when the θ13 = π/2 and the state |ν3〉 coincides with |νe〉;
however this last possibility is not consistent with the atmospheric neutrino data that give evidence for the

14Note how the detector has collected data until it has obtained a statistical error of the same order as the systematic ucertainty.

177



sin 22θe→x = sin 22θ13

∆m
2 (e

V
2 )

0 0.2 0.4 0.6 0.8 1
10

-4

10
-3

10
-2

10
-1

CHOOZ (exclude)
Bugey (exclude)
Gösgen (exclude)

SK 90%CL
SK 99%CL

Fig. 33: Neutrino Mixing with three parameters. (a) Allowed area of sin2 θ13 and sin2 θ23. At 90% C.L. SK data allows up to

about 40% of e-type content of the atmospheric oscillation. (b) Allowed range of the atmospheric νe disappearance probability

compared to the limits for νe obtained from various reactor experiments. The most stringent limit comes from the CHOOZ

experiment.

fact that the state |ν3〉 has large overlaps with |νµ〉 and |ντ 〉. Equation (167) is formally identical to the
two vacuum two flavor formula, and therefore a simple two-flavor analysis coincides with a three-flavor
one performed the one mass scale approximation. Note also that equation (167) neglects the matter ef-
fects. In this case this is a good approximation, since for ordinary matter (with density ρ ' 2.7 g gm−3)
the effective potential is V ' 1.02 × 10−13 eV, and for Eν

<∼ 10 MeV, we have that:

2 Eν V ' 10−8 eV2 � ∆m2 (168)

for all values of ∆m2 that can be explored. Since the experimental results are consistent with the absence
of oscillations, the results can be interpreted as an exclusion region in the space of the parameters ∆m2

and sin2 2θ13. These regions are shown in Fig. 33 together with the region that is allowed by the analysis
of the atmospheric neutrino data in Super-Kamiokande [44]. The qualitative shape of the curves is
simple to understand. Reactor experiments can exclude a region of high ∆m2 (corresponding to fast
oscillations) and large sin2 2θ13 (corresponding to large amplitude oscillations). For sin2 2θ ' 1 ∆m2

must be smaller than a minimum value:

∆m2
min ∼ (h̄c)

(
3 MeV)

1 Km

)

' 6 × 10−4, (169)

while for large ∆m2 the oscillation probability after the average over fast oscillations become a constant
Pνe→νe ' 1 − 1

2 sin2 2θ13, and one obtains a ∆m2 independent limit determined by the statistical and
systematic error sin2 2θ13 ≤ 0.10.

The atmospheric neutrino data determines an allowed interval for ∆m2 that, as discussed in Sec-
tion 7., is determined by the observed distortion of the µ-like data. Since the atmospheric neutrino data
for e-like events are consistent with a no oscillation prediction, then the value sin2 2θ13 = 0 is allowed
(and in fact corresponds to approximately the best fit point for the atmospheric neutrino data). The lack
of measurable deviations from the no-oscillation prediction for atmospheric e-like events allows to set
a limit on the maximum value of sin2 2θ13 <∼ 0.75. As discussed in Section 7. this limit is not very
stringent because of a cancellation between appearance and disappearance effects.

The combination of the results from atmospheric neutrinos (that determine the range of ∆m2) and
reactor neutrinos allows to determine a lower limit on the value of sin2 2θ13 <∼ 0.25: or equivalently

sin2 θ13 ≤ 0.065 (90% C.L.) . (170)
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9.2. The KamLAND detector

The evidence for the oscillations of solar neutrinos has been recently dramatically confirmed by the
KamLand experiment [91] with a measurement of the flux of reactor neutrinos for long (L ∼ 180 Km)
distance. The sensitive volume of the KamLand detector (see Fig. 34) is a sphere of 6.5 meters radius that
contains 1000 tons of liquid scintillator, instrumented with Photomultipliers. Electron anti-neutrinos can

20m

Liquid Scintillator

17" PMTs
 (1,922)

  Isoparaffine Based
Liquid Scintillator
        1200m^3

13m

18m

Buffer Liquid

 (Isoparaffin)

Water

Stainless Steel

     Balloon

Rocks
Rocks

Rocks

Fig. 34: Left panel: scheme of the KamLand detector. The sensitive volume is the inner sphere of 6.5 meters that contains 1000

tons of liquid scintillator, instrumented with Photomultipliers. Right panel: location of the power plants that provide the νe.

be detected with the usual reaction: νe + p → e+ + n, measuring the positron in the liquid scintillator,
the photon emitted in the neutron capture is also observable. The ν e flux is provided by an ensemble
of approximately 70 reactors cores located at a distance between 150 and 210 Km from the detector in
several commercial nuclear plants (see Fig. 34).

Recently the collaboration has published the results of the first 162 ton·year (145.1 days) of
exposure. For this exposure the expected event rate was 86.8 ± 5.6 events (for the chosen threshold
of 2.6 MeV). This has to be compared with a detected rate of 54 events, with a ratio

Nobs −NBG

Nexpected
= 0.611 ± 0.085(stat) ± 0.041(syst). (171)

The probability that this ratio consistent with unity is only 0.05%, and therefore the result is clear evi-
dence for the existence of transitions νe → νx. Fig. 35 shows the measured/expected ratio of different
reactor neutrino experiments plotted as a function of the distance between the reactor and the detector.
The solid dot is the KamLAND point plotted at the flux-weighted average distance (the dot size is indica-
tive of the spread in reactor distances). One can clearly see that the ratio is compatible with unity (that is
with the absence of oscillations) for pathlength L <∼ 1 Km, while the KamLand (L ' 180 Km) indicates
that the survival probability 〈P (νe → νe)〉 is significantly different from unity. This result is in fact per-
fectly compatible with the Large Mixing Angle (LMA) solution of the solar neutrino problem. In Fig. 35
the shaded region indicates the range of flux predictions corresponding to the 95% C.L. LMA region
found in the global analysis of the solar neutrino data. The dotted curve corresponds to sin2 2θ = 0.833
and ∆m2 = 5.5 × 10−5 eV2 that is a representative of recent best-fit LMA predictions.

Additional information on the possible existence of oscillations can be obtained from the analysis
of the energy spectrum of the observed positrons. The expected spectrum is shown in the top part of the
right panel of Fig. 35. One can see that the spectrum is dominated by the reactor neutrinos, with a smaller
contributions of “geophysical” neutrinos (produced by radioactive decays of unstable nuclei in the Earth
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material), and an even smaller background of accidentals. The geophysical and accidental contributions
are at low energy and can be eliminated with an analysis threshold of 2.6 MeV. The bottom part of the
right panel in Fig. 35 shows (as points with error bars) the measured “prompt” energy spectrum. One
can immediately see that the data is below the no-oscillation prediction (the upper histogram), while the
inclusion of neutrino oscillations (lower histogram) can reconcile data and preiction. It can also be seen
that there is an indication not only of a suppression of the event rate but also of a distortion of the energy
spectrum: the first two bins above the analysis threshold (idicated by a vertical dashed line) seems to
have a stronger suppression than the higher energy bins.

The KamLand reults can be interpreted in terms of νe → νx transitions, obtaining an allowed
region in the plane (sin2 2θ, ∆m2). The results for this allowed region are shown in Fig. 36. The figure
shows in the usual plane (sin2 2θ, ∆m2) the region excluded by previous (shorter pathlength) reactor
experiments Chooz and Palo Verde (all regions are for a 95% Confidence Level), and the allowed region
of the LMA solution of the solar neutrino problem The result of KamLand are shown in two ways: as an
excuded region, that takes into account only the total rate result (equation (171); and an allowed region
that takes into account both the total rate and the energy spectrum. This allowed region corresponds to
several bands in ∆m2 that can reproduce the observed distortion of the spectrum. One can see that the
KamLand data excludes all oscillations solutions for the solar neutrino problem with the exception of the
LMA solution.

Several authors have performed combined analysis of the KamLand and solar neutrino data to
determine the ν oscillation parameters. An example of this combined fits from Fogli et al ([92]) is shown
in the right panel of Fig. 36. One can see that the LMA region is basically split into two sub-regions.
The best fit point is in the lower region with ∆m2

12 ' 7.3 × 10−5 eV2 and sin2 θ12 ' 0.31.
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Note that the x-axis in the case corresponds to sin2 θ12.

10. ACCELERATOR NEUTRINOS

10.1. Cosmologically motivated searches

Neutrino oscillations have been searched in accelerator experiments for a long time. Several dedicated
searches for oscillation were motivated by cosmology and an analogy to the masses and mixing in the
quark system. An explanation of the cosmological dark matter problem with neutrinos implies (see
equation (36)) that the sum of the neutrino masses is of order ∼ 30 eV, on the other hand, an analogy
with the quark sector suggests that m3 � m2 � m1, and that the mixing angles are small. These
considerations lead to the expectation that νµ,e → ντ oscillations could be detected with a large squared
mass difference ∆m2 ' m2

3 ∼ (30 eV)2, but small mixing parameter sin2 2θ � 0.1. Several dedicated
experiment were performed searching for these oscillations. No evidence for these oscillations has been
found. The best limits have been obtained by the NOMAD and CHORUS [94,95] detectors (see Fig. 37)
using a neutrino beam produced by 400 GeV protons in the CERN laboratory. In these experiments the
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Fig. 37: The lines indicate the regions in the (∆m2, sin2 2θ) plane excluded (at 90% C.L.) by accelerator searches for νµ ↔ ντ

oscillations (left panel) and νe ↔ ντ oscillations (right panel). From [94].

distance from the detector to the target region was of order 500 meters, the average neutrino energy was
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of order 50 GeV, with the minimum (threshold) energy for appearance Eν ' 3.5 GeV. The region of
∆m2 that can be explored is therefore:

|∆m2| >∼ (h̄c)

(
3.5 GeV

500 m

)

' 0.7 eV2 , (172)

while the very large statistics allows to study very small mixing (sin2 2θ >∼ 3 × 10−4) at large |∆m2|.

The appearance of ντ charged current events can be detected using two techniques:
(i) kinematical methods, or (ii) decay vertex identification methods. The NOMAD detector has searched
or events with appropriate kinematical characteristic, in particular having missing transverse momen-
tum, since in ντ charged current interactions some p⊥ is carried away by the neutrinos, that are always
produced in τ decay. The most attractive channel is the mode τ− → ντ + e− + νe, since it has a low
background due to νe charged-current interactions which are only ∼ 1.5% of the total event rate, and
have a very different energy spectrum from what is expected from νµ ↔ ντ oscillations.

The CHORUS detector (see Fig. 38) was constructed using the emulsion technique that provides
space resolution of ∼ 1 µm, well matched to the average τ− decay length of 1 mm.

Fig. 38: Expected configuration of a typical ντ charged-current interaction event in the CHORUS emulsion. The decay length

for a τ− (Lτ ' 87 µm EGeV) is typically a fraction of a millimiter. In this example the τ− decays to µ−ντ ν̄µ.

10.2. The LSND effect

A controversial result on neutrino flavor transitions has been obtained by the Liquid Scintillator Neutrino
Detector (LSND) running at the Los Alamos Meson Physics facility [96]. The LSND collaboration
has also reported evidence for neutrino flavor transitions of type νµ → νe. This evidence is still very
controversial, and has not been confirmed by other independent measurements. The “LSND effect” is
not consistent with the results on solar and atmospheric neutrino experiments at least in a simle three
neutrino framework, since it requires |∆m2| in a range much larger than what is indicated by the other
experiments. If this effect is real the consequences would very important.

The LSND ν beam is obtained from an accelerated proton beam with momentum |~p| = 800 MeV,
the detector is a tank filled with 167 tons of liquid scintillator at approximately 30 meters from the
neutrino source. The neutrino beam is mostly due to π+ that stop in target region and decay with the
usual sequence π+ → νµ + µ+ followed by µ+ → νµ + νe + e−. The contribution of π− is much
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Fig. 39: The shaded areas show the allowed regions (at 90 and 99% C.L.) for νµ ↔ νe oscillations from the LSND experiment.

This region is compared with the (90% C.L.) excluded region (to the right of the lines) by other experiments, CCFR, BUGEY

and KARMEN–2. The blue line (that entirely excludes the LSND region) is the region that can be explored with the MiniBoone

experiment currently taking data.

suppressed because they are produced less abundantly in low energy p interactions, and most of them
are absorbed in nuclear interactions before decay, and therefore the beam contains νµ, νµ, νe but only
very few νe (in the absence of oscillations the ratio νe/νe is estimated as 7.5 × 10−4. The appearance
of νe can be studied with the “classic” coincident observation of a positron and a delayed photon from
n capture:

νe + p→ e+ + n , n+ p→ d+ γ (2.2 MeV) . (173)

After subtracting the expected sources of background The LSND collaboration [96] observes in the
energy range Ee ∈ [20, 60] MeV an excess of 87.9 ± 22.4 ± 6.0 events. This excess can be explained
assuming an average probability:

〈Pνµ→νe〉 = (2.64 ± 0.67 ± 0.45) × 10−3 . (174)

This result is supported by a measurement of the νe flux with the process νe+12C → e−+X , measuring
electrons in the energy region (60 ≤ Ee ≤ 200 MeV). Neutrinos in this energy range can only be pro-
duced by the decay in flight of pions and muons. For this class of events the LSND collaboration reports
an excess of 18.1 ± 6.6 ± 4.0 events consistent with νµ → νe transitions with an average probability

〈Pνµ→νe〉 = (2.4 ± 1.0 ± 0.5) × 10−3 (175)

consistent with the previous result. Interpreting these results in terms of two flavor νµ ↔ νe oscillations
one obtains the allowed region in the plane (sin2 2θ,∆m2) shown in Fig. 39. The allowed region requires
a mixing parameter sin2 2θ ' 2〈Pνµ→νe〉 ' 4×10−3 if ∆m2 is large. For maximal mixing (sin2 2θ ' 1)
the ∆m2 that can explain the data is of order

∆m2 >∼
1

3
(h̄c)

(
20 MeV

30meters

)

>∼ 0.06 eV . (176)

The low ∆m2 region is however forbidden by the results of the Bugey reactor experiment. Note also
that most of the allowed region of LSND is excluded by the results of the KARMEN [97], leaving only
a small allowed interval.
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Sterile Neutrinos ?

The result of LSND cannot be easily reconciled with the results on atmospheric and solar neu-
trinos. This can be immediately understood noting that in three neutrino world there are only three
independent squared mass differences ∆m2

jk, and the results

∆m2
�

<∼ 10−4 eV2 ,

∆m2
atm ' 3 × 10−3 eV2 ,

∆m2
LSND

>∼ 0.2 eV2

cannot be reconciled. The logical possibilities of course are that:

(a) one or more of the experimental results are incorrect;

(b) the theoretical framework used to interpret the results is incorrect or incomplete.

The addition of one or more neutrino mixed with the ordinary could explain the data, because in this case
one more (independent) squared mass difference is available. The fourth light neutrino cannot be just the
4th generation neutrino similar to νe, νµ and ντ because this would be in conflict with the experimentally
measured width of Z0 boson. It can only be an electroweak singlet (sterile) neutrino. The existence of
such a state would of course be of the greatest importance.

Out of all experimental evidences for neutrino oscillations, the LSND result is the only one that
has not yet been confirmed by other experiments. It is therefore very important to have it independently
checked. This will be done by the MiniBooNE (first phase of BooNE) experiment at Fermilab. Mini-
BooNE will be capable of observing both νµ → νe appearance and νµ disappearance. The sensitivity of
MiniBooNe is also shown in Fig. 39. MiniBooNE will begin taking data in 2002.

10.3. Long Baseline Experiments

In order to study neutrino oscillations with ∆m2 in the range suggested by the atmospheric neutrino
data it is necessary to have baselines of order 100–1000 Km or more, depending on the neutrino energy.
A comparison between a “near” and a “far” detector can be an ideal method to determined the existence
and detailed properties of ν flavor oscillations. At present there is one project that is taking data: the
K2K (or KEK to Kamioka) project, and two approved and under construction project: the Fermilab to
Minos beam and the CERN to Gran Sasso beam.

In the K2K project an almost pure νµ beam is generated with a 12 GeV proton beam in the KEK
laboratory. The “far” detector is Super-Kamiokande at a distance of 250 Km.

The K2K experiment had a successful start in 1999 and has accumulated ∼ 4.8×1019 “protons on
target” (p.o.t.) that is approximately 40% of the goal of 1020 p.o.t. The time distribution of the contained
events recorded during this period of data taking is shown in Fig. 40. The beam has the structure of a
1.1 µs pulse each 2.2 sec, and the analysis of fully contained events is virtually without background. Two
“near” neutrino detectors are placed at the KEK site one being a one kiloton water detector that is like a
miniature Super-Kamiokande, and the other a “fine-grained detector” made of scintillating fibers. This
near detectors allow to monitor the intensity, stability and energy spectrum of the neutrino beam, when
oscillations have not developed, and allow to extrapolate to the far (Super-Kamiokande detector).

The no-oscillation extrapolation of the near detector data predicts a rate of 80.1+6.2
−5.4 events in the

fiducial volume of SK, while only 56 have been measured. The probability that the observed flux at SK
is a statistical fluctuation is less than 1%.

The Fermilab to MINOS project will use the proton beam of the Main Injector at Fermilab
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space. From [99].
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(Ep = 100 GeV) to produce a neutrino beam that is sent to the underground site of MINOS at a
distance of 730 Km. The detailed comparison of a “near” and a “far” detector functionally identical
(two iron/scintillator sampling calorimeters) with toroidal magnetic field should allow to confirm the
oscillation interpretation for atmospheric neutrinos, and to determine more accurately the oscillation
parameters. The beginning of the data taking is scheduled for the end of 2004.

In the CERN to Gran Sasso project 450 GeV p beam is the source of a higher energy neutrino
beam 〈Eν〉 ∼ 15 – 20 GeV that will be sent to the Gran Sasso underground laboratory, again at a
distance of 730 Km. The OPERA detector is designed to serch for the appearance of ντ charged current
interactions with a massive lead/nuclear emulsion target. The ICARUS detector is also sensitive to the
ντ ’s generated by the oscillations.

Fig. 42: Energy levels for the A = 76 nuclei.

11. DOUBLE BETA DECAY

The most promising way to distinguish between Dirac and Majorana neutrinos is neutrinoless double
beta decay (for extensive reviews see [102]). Double beta decay is the process:

(Z,A) → (Z + 2, A) + 2e− + 2ν̄e (2νββ decay) , (177)

that can occur when single beta decay is kinematically forbidden. For example the nucleus 76Ge (Z=32)
cannot have a beta decay into the Z=33 state (76As) that has a mass 0.4 MeV larger, but can have a double
beta decay into the Z=34 state (76Se) that is 3.05 MeV lighter. The process (177) at the fundamental
(quark) level (see part (a) of Fig. 43) is the transition of two d quarks into two u quarks with the emission
of two electrons and two νe. The process is of second order in the weak coupling and therefore the
corresponding decay rates are very low with lifetimes of order T >∼ 1019–1021 years.

In the neutrino–less process:

(Z,A) → (Z + 2, A) + 2e− (0νββ decay) , (178)

there is no neutrino emission. The leading order diagram of this process is shown in part (b) of Fig. 43,
and can be pictured as one beta decay followed by the absorption of the emitted anti-neutrino by a
different neutron in the nucleus. The process has a very clear experimental signature because while in
the standard decay the sum of the energy of the two electrons in the final state has a broad distribution,
in the neutrinoless case one has that the sum of the energies of the two emitted electrons is equal to the
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Fig. 43: Double beta decay diagrams. Diagram (a) shows the standard process when two neutrinos are emitted; digram (b)

shows the neutrinoless decay that has not been observed and is possible only if the neutrino is a massive Majorana particle.

Q value of the reaction:
E(e−1 ) +E(e−2 ) ' Q ≡Mi −Mf . (179)

In order to have neutrinoless 2β decays one has two conditions:

[1] The neutrino must be its own anti-particle, that is it must be a Majorana particle.

[2] The neutrino mass must be non zero.

The first condition can be easily understood observing that the virtual neutrino in the diagram (b) of
Fig. 43 is emitted as νe and is absorbed as a νe, and in fact the reaction (178) clearly violates the lepton
number by two units. The second condition follows from the fact that anti-neutrino emitted in the ‘first’
decay has the wrong chirality for being absorbed. The absorption is therefore possible without violating
angular momentum conservation only if mν in non-vanishing. In fact the amplitude for neutrinoless
duuble beta decay is proportional to the neutrino mass:

A(2β0ν) ∝
∑

i

U2
eimi ≡ 〈mνe〉eff . (180)

Note that the amplitude is proportional to a linear combination of the neutrino masses where the coef-
ficients are U 2

ei rather than |Uei|2, and therefore in general cancellations are possible, and the effective
mass can be smaller than the smallest neutrino mass mj . The quantity 〈mνe〉eff constitutes a lower limit
on the mass of the heaviest neutrino.

The current best limits on neutrinoless double beta decay comes from Heidelberg–Moscow exper-
iment on the double beta decay of 76Ge [103]. This experiment located in the Gran Sasso underground
laboratory is using 11 kg of Ge enriched to 86% in the isotope with mass 76, and has achieved a very
low background (or order 0.2 counts/year/Kg/KeV) at the expected position of the ββ0ν signal, and has
collected an exposure of order 50 Kg years. In Fig. 44 we show the energy spectrum observed by the
experiment (the experiment measures only the total relased energy and cannot identify if the source of
the energy is a photon, or one or more electrons). One can see the presence of several sources of back-
ground (that give a continuum and several radioactive decay lines) but also the clear contribution of a
two-neutrino double decay with the predicted shape. The half-life of Germanium-76 was estimated from
a fit to the background–subtracted signal in the energy range 700–2040 KeV

T 2ν
1/2 = [1.55 ± 0.01(stat) +0.19

−0.15 (syst) ] × 1021 years . (181)

In the presence of a neutrino–less contribution, one would observe a line corresponding to the Q-value
of the 76Ge → 76Se transition (2038.56 ± 0.32 KeV). The data (see the bottom panel of Fig. 44) shows
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technique to select events where the energy is released in a single point (like in double beta decay) and not in multiple points

(like in Compton scattering). The curves correspond to the excluded signals for neutrinoless double beta decay. From [103]

no peak above an approximately flat background. This can be used to extract a half-life limit for the
neutrinoless mode

T0ν
1/2 ≥ 1.9 × 1025 years 90% C.L. . (182)

This limits can be used to extract a limit15 effective mass of the νe (see equation (180):

meff ≤ 0.35 eV (90%C.L.) . (183)

Recently it has been claimed [104] that the results of the Heidelberg–Moscow collaboration can
be interpreted as positive evidence for the existence of neutrinoless ββ decay, and implies an effective
neutrino mass 〈mνe〉eff ' 0.4 eV. This controversial claim has been criticised in [105,106].

The discovery of 2β0ν decay would establish that neutrinos are Majorana particle and determine
the quantity 〈mνe〉eff ) that sets a lower limit on the absolute value of the scale of the neutrino masses.

12. PHENOMENOLOGICAL SUMMARY

A coherent picture has begun to emerge from the experimental studies on neutrino flavor transitions. All
existing data, with the notable exception of the LSND results, can be explained assuming the existence
of standard oscillations among three neutrino flavors.

Without loss of generality one can define the state |ν3〉 as the “most isolated neutrino”, that is the
neutrino with the largest mass difference (in absolute value) from the closest mass eigenstates. Obviously
|ν3〉 is either the heaviest of the lightest neutrino. It is possible and convenient to choose ∆m2

12 ≡
m2

2 − m2
1 as positive (or m2 > m1). With this we have completely defined the conventions for the

labeling of the neutrino mass eigenstates. The neutrino masses and mixing matrix have the following
properties:

[1] The neutrino squared mass differences are ‘hierarchical’: there is a “small” mass difference ∆m2
12.

responsible for the oscillations of solar neutrinos, that is at least one order of magnitude smaller
than “large” mass difference |∆m2

23|.
15To obtain information of the effective mass parameter from the measured lifetime limit, one needs to use the results of a

difficult calculation of the matrix element between the initial and final nucleus. This introduces some uncertainty in the limit
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[2] The “large” squared mass difference is measures with atmospheric neutrinos and has value:

∆m2
atm ' ∆m2

23 ' ∆m2
13 ' ±2.5 × 10−3 eV2 . (184)

Note the ambiguity in the sign. We do not know if ν3 is the lightest of heaviest neutrino. The 90%
C.L. allowed interval for |∆m2

atm| determined by SK is At 90% C.L. the allowed interval is

|∆m2
23| ∈ [1.6, 4.5] × 10−3 eV2 . (185)

[3] The eigenstate |ν3〉 has the composition:

|ν3〉 '
1√
2
(1 ± ε) |νµ〉 +

1√
2
(1 ∓ ε) |ντ 〉 + ε′ |νe〉 . (186)

where ε and ε′ are small quantities. That is the “isolated” state |ν3〉 is a superposition with approx-
imately equal weight of νµ and ντ with a small (or vanishing) overlap with νe. In the standard
parametrization of the mixing matrix we have:

|ν3〉 = sin θ13 |νe〉 + cos θ13 sin θ23 |νµ〉 + cos θ13 cos θ23 |ντ 〉 , (187)

therefore we can restate the result (186) saying that θ23 ' 45◦ (that corresponds to maximal
mixing) while θ13 is small. For θ23 the current 90% C.L. allowed region determined by SK is
sin2 2θ23 >∼ 0.90 that can also be expressed as:

sin2 θ23, cos
2 θ23 ∈ [0.35, 0.65] (90% C.L.) . (188)

[4] The upper limit on the value of θ13 is determined by the results of the reactor experiments Chooz
and Palo Verde and the non observations of νe → νµ,τ transitions: The 90% C.L. limits of
Chooz are:

sin2 θ13 >∼ 0.065 (∆m2 = [SK minimum allowed]) ,

sin2 θ13 >∼ 0.025 (∆m2 = [SK best fit]) .
(189)

[5] The values of ∆m2
12 and of the other mixing angle θ12 are determined by the solar neutrino ex-

periments. The combination of the data of different experiments, until recently resulted in a set
of disconnected regions in the plane (∆m2

12, sin
2 θ12), that have been given names: LMA corre-

sponds to the “Large Mixing Angle” solution, SMA to the “Small Mixing Angle” solution, LOW
to the region with large mixing angle with ∆m2 lower than for LMA, and finally the vacuum so-
lution to the very small ∆m2 solution with oscillation length of the same order of the sun-earth
distance. Numerically the regions are approximately:







∆m2
12 = (0.7 ÷ 8) × 10−5 eV2, sin2 θ12 = (0.2 ÷ 0.6) LMA

∆m2
12 = (0.7 ÷ 2) × 10−7 eV2, sin2 θ12 = (0.5 ÷ 0.7) LOW

∆m2
12 = (0.4 ÷ 1) × 10−5 eV2, sin2 θ12 = (0.6 ÷ 3.0) × 10−3 SMA

∆m2
12 = (0.5 ÷ 3) × 10−10 eV2, sin2 θ12 = (0.25 ÷ 0.75) Vacuum

The most recent data of SNO favors very clearly the LMA solution with a best point fit:

∆m2
12 = 5 × 10−5 eV2

sin2 θ12 = 0.24 (θ12 = 29.5◦)
(190)

Note that since in the parametrization of the mixing matrix the overlap
|〈νe|ν1〉|2 = cos2 θ13 cos2 θ12 ' cos2 θ12, the state |ν1〉 state is mostly a νe.

These results indicate that the mixing in the lepton sector is deeply different than in the quark sector,
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where all mixing angles are small. These results suggest (or better “require) a number of new experi-
mental studies to confirm and complete our knowledge of the neutrino masses and mixing. On the other
hand the discovery of these remarkable “patterns” for the neutrino masses and mixing suggest several
theoretical questions about what this all “means”, that is what it is teaching us about the origin of flavor,
the fermion families and the particle masses.

Fig. 45: Flavor composition of the ν mass eigenstates. Each mass eigenstate is represented as a “box”, with three flavor

components proportional to |〈να|νj〉|2. The mixing angles are chosen as θ12 = 40◦, θ23 = 45◦, θ13 = 11◦, the phase δ has

the value δ = 90◦. The value of θ23 is the best fit for the atmospheric neutrino data, θ12 is in the LMA solution for the solar

neutrino data, while the value of θ13 is just below the upper limit obtained by the Chooz reactor experiment; the phase δ is left

completely undetermined by the experimental data. The squared mass is only shown “qualitatively”. The ‘small’ mass splitting

∆m2
12 is responsible for (and determined by) the oscillations of solar neutrinos, while the larger splitting ∆m2

23 ' ∆m2
13

is responsible for the higher frequency oscillations measured with atmospheric neutrinos. Case (A) corresponds to “normal

hierarchy”, case (B) to the “inverted hierarchy”.

12.1. Absolute value of the neutrino masses

Oscillation experiments can only determine squared mass differences, and therefore leave the question
of the absolute value of the neutrino masses unanswered. Atmospheric ans solar neutrino experiments
have determined the two independent ∆m2 with an important amiguity in sign for ∆m2

atm. Using the
notation ∆m2

� ≡ ∆m2
12 and ∆m2

atm ≡ ∆m2
23 , and taking into account the sign ambiguity the neutrino

masses can be written as:

• Normal hierarchy:
m1 = m0 ,

m2 = m0 +
√

∆m2
� ,

m3 = m0 +
√

∆m2
� +

√

∆m2
atm .

(191)
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• Inverse hierarchy:
m3 = m0 ,

m1 = m0 +
√

∆m2
atm ,

m2 = m0 +
√

∆m2
� +

√

∆m2
atm ,

(192)

where m0 is an unkwown minimal mass.

The experiments most sensitive to the massm0 are the searches for neutrinoless double beta decay.
The amplitude for this process is proportional to an effective neutrino mass:

meff =

∣
∣
∣
∣
∣
∣

∑

j

U2
ejmj

∣
∣
∣
∣
∣
∣

≡

∣
∣
∣
∣
∣
∣

∑

j

|Uej|2e−ϕj mj

∣
∣
∣
∣
∣
∣

, (193)

where the phases ϕj are the Majorana phases that are unobservable in oscillation experiments. More
explicitely, using the standard parametrization of the mixing matrix we have:

meff =
∣
∣
∣c213c

2
12m1 + c213s

2
12e

iϕ2 m2 + s213e
iϕ3 m3

∣
∣
∣ . (194)

13. MODELS FOR THE NEUTRINO MASS

The most striking fact about the neutrino masses is that they are so small, much smaller than the masses
of the quarks and charged leptons. It is true that the fermion mass spectrum extends for several or-
ders of magnitudes, however the size of the neutrino masses calls for a special explanation. A second
remarkable fact is that the neutrino mass matrix is that the mixing is large, in sharp contrast with the
quark sector where the Cabibbo–Kobayashi–Maskawa matrix VCKM matrix has small deviations from
the unity matrix.

Several explanations have been offered for the smallness of the neutrino masses. It is fascinating
that all these explanations are based on some form of new physics beyond the standard model, and
therefore the measurement of the neutrino masses and mixing can open a precious window on the physics
of “Unification” giving information on the physics at mass scales beyond what can be reached directly
with accelerator experiments.

A massive spin 1/2 particle has two spin states, and if it is “charged” it also has an anti-particle,
with the same mass and opposite charge(s), that also has two spin states, for a total of four states with
identical mass. Each quark or charged lepton (together with its own anti-particle) is in fact described
as a 4-state system in a Dirac spinor. A “neutral” fermion on the other hand could be identical with its
anti-particle, and have only two states. A CPT operation would transform the two states into each other.
It is remarkable that it is possible to build the field theory of such a two state system described by a
Majorana spinor.

Is the neutrino a Majorana or a Dirac particle ? If the neutrino is massless this question is mean-
ingless. This can be understood easily observing that a zero mass particle moves with the speed of light,
and if it has helicity −1 (that is spin anti-parallel to the momentum) in one system of reference it will
have the same helicity in all frames, and of course the same is true for a +1 helicity particle. In the
minimal standard model, each neutrino flavor has two states, the one with helicity −1 is called by con-
vention “neutrino” and the one with helicity +1 “antineutrino”. The question if the neutrino is a Dirac
or Majorana particle is equivalent to the question if the reversal of the spin of a neutrino would turn
it into an antineutrino or not. For a massless particle the spin reversal is impossible, and the question
has no meaning. On the other hand if the neutrino has a non zero mass the question becomes not only
meaningful but also natural and important. For a massive neutrino, with a Lorentz transformation, one
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can “overtake” a neutrino produced in the laboratory with helicity −1, and study its behaviour in a new
reference frame where it has the opposite helicity. If the boosted frame the neutrino behaves as a non-
interacting singlet under the SU(2) ⊗ U(1) group it is the component of a four state Dirac spinor; if it
behaves as an antineutrino it is the component of a two state Majorana spinor.

The possibility that the neutrino is a Majorana particle has suggested what is probably the most
interesting explanation of the smallness of the neutrino mass, the “seesaw” mechanism. In the seesaw
mechanism ([93]) (discussing for simplicity one single flavor) a four-state Dirac neutrino is split by
“Majorana mass terms” into a pair of two-states Majorana neutrinos (ν and N ). One of these Majorana
neutrinos (the state N ) becomes very massive taking a mass mN ∼ M of the same order as a high
mass scale M characteristic of some new physics beyond the range of current experiments (for example
a Grand Unification scale), while the other Majorana neutrino, that is identified with the observed light
neutrinos, obtains a light mass mν that is of order mν ∼ m2

D/M where mD is the Dirac mass charac-
teristic of the other fermions in the same generation. So the reason why the neutrino is light is that it
is associated with a very massive particle, in the same way as in the game of the seesaw (see Fig. 46) a
massive participant will push “up” the other one.

Fig. 46: Scheme of a see-saw.

A technical and detailed description of this mechanism is beyond the scope of these lectures
(see [10,4] for more discussion), however the basic formulae in the model are very simple and instruc-
tive. A 4-components Dirac spinor can be represented as the combination of a pair of two-components
spinors (the left-handed and right-handed part). In the standard (Weyl of chiral representation) one has:

ψ =

(

ψL

ψR

)

, (195)

where ψL,R are the two components Weyl spinors with left and right chirality. The operation of particle–
antiparticle conjugation for a Dirac spinor corresponds to ψ → ψc with:

ψc = C ψ
T

= [iγ2γ0] ψ
T

= iγ2ψ∗ =

(

+iσ2 ψ∗
R

−iσ2 ψ∗
L

)

, (196)

where ψ = ψ†γ0, the asterisk indicates complex conjugation, and we have used the explicit form of the
Dirac matrices in the chiral representation and σ2 is the second one of the three Pauli matrices. Note that
the conjugate of a left-handed spinor has only a right-handed component and viceversa, in fact particle–
antiparticle conjugation transform a left (right) handed particle in a right (left) handed anti-particle; it is
also easy to verify that (ψc)c = ψ. The standard Dirac mass term in the Lagrangian has the form:

−LDirac
mass = mD ψ ψ = mD [(ψL)† ψR + (ψR)† ψL] (197)

and combines the left and right handed parts of the spinor. A Majorana particle with only two degrees of
freedom is described by one single Weyl spinor, and therefore a Dirac mass term such as (197) cannot
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exist, however one can still construct a different mass term. If ψL is a left-handed spinor, one can obtain
an object that transform as a right handed one as: (ψL)c = −iσ2 ψ∗

L. Note that one can then represent a
Majorana spinor also as a 4-component object as:

ψM =

(

ψL

−iσ2 ψ∗
L

)

=

(

ψL

(ψL)c

)

. (198)

This form has obviously only two independent components and under a charge conjugation operation
(as described in equation (196)) one has (ψM)c = ψM. A mass term with a single Weyl spinor (left or
right-handed) can then be constructed as:

−LMajorana
mass =

mM

2
{[(ψL)c]† ψL + h.c.} =

mM

2
[(ψL)T iσ2 ψL + h.c.] . (199)

Such a Majorana mass term violates (by two units) the conservation of the “charges” associated to the
fermion considered, therefore it is only possible for “neutral” particles. Since neutrinos have no known
charges, in principle they can have a Dirac mass term and a Majorana mass term. One can write this
combination in matrix form as:

−Lν
mass =

1

2
[νL (νR)c] C

(

mM,L mD

mD mM,R

)[

νL

(νR)c

]

+ h.c. , (200)

where we have included a Dirac mass term, and two Majorana masses for the left and right component.
Now it is possible to observe that:

[1] The Dirac mass term can be naturally expected to be of the same order of magnitude as for the
other fermions in the family.

[2] The mass term mM,L is small (mM,L � mD), because it can be generated only by a triplet of
Higgs scalars, that is absent in the standard model.

[3] A right-handed neutrino is completely neutral under the standard–model gauge group, and there-
fore it can have any mass at all without breaking the gauge symmetry. In other words the mass
mM,R is not connected to the symmetry breaking scale (v = 246 GeV) of SU(2) ⊗ U(1) but is
associated to a different higher mass scale M (connected for example with unification).

We therefore have a mass matrix of type:

M '
(

0 mD

mD M

)

. (201)

This matrix can be diagonalized, obtaining two eigenvalues that are approximately M and −m2
D/M

(the minus sign is irrelevant and can be reabsorbed by a redefinition of the neutrino field). The two
eigenvectors are two physical Majorana Particles with masses mN 'M and mν ' m2

D/M . In summary
we have used two ingredients: (i) the possibility to include a Majorana like mass term, and (ii) the
existence of a large mass scale M , to obtain the result that the neutrino splits naturally into two Majorana
states one very massive and one very light. As an illustration, one could extract a new mass scale from
the atmospheric neutrino data using :

|∆m2
atm| ' m2

3 −m2
1 ' m2

3 '
(

m2
top

M

)2

, (202)
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obtaining:

M ∼
m2

top
√

|∆m2
atm|

∼ 0.6 × 1015 GeV , (203)

that is close to the Grand Unification scale16 .

More in general, considering the case with n generations of neutrinos, the mass matrix (201)
becomes of order (2n× 2n) (each entry has 2 components). The diagonalization of this matrix results in
n light Majorana neutrinos and n super heavy ones, however now the light neutrinos are mixed with each
other (with neglible admixtures with the heavy ones of order mD/M ). The mixing clearly depends on
various assumptions about the masses. Can this procedure reproduce the patterns of mixing observed in
nature ? The orginal predictions of lepton mixing in the framework of the seesaw model predicted that in
analogy with the quark sector, the mixing between light neutrinos would be small, and the experimental
results came as big surprise for (essentially all) the theory community. It is now understood that the
seesaw model can predict also large mixing. Several non-seesaw models for the neutrino masses also
exist, also making use of physics beyond the standard model. This is a very active field of research that
cannot be summarized here (see for example [93] for a discussion and additional references). We list
below some possible questions for model builders:

[1] Why some of the ν mixing angle are large while all quark mixing angles small?

[2] Why two of the ν angles are (probably) large while one (θ13 is small)?

[3] Why θ23 is so close to the “maximal” value of 45◦? How close it is to this special value?

[4] How large is θ13 ?

[5] Are the neutrino masses nearly degenerate with small splittings or “hierarchical” ?

[6] Is the ordering of the neutrino masses “normal” (with the state ν1 that is prevalently e-like as the
lightest state) or “inverted” ?

[7] Is the phase δ predictable ?

Research on these (and other) questions is very active, and hopefully the answers will shed light on the
physics of unification.

14. CONCLUSIONS

The field of neutrino Physics has lived during the last decade a period of remarkable developments,
and the perspectives for future studies are exciting. Future solar and long-baseline experiments will
provide new and important knowledge, and should determine the neutrino squared mass differences and
mixing; double beta decay studies and/or cosmological studies can also determine the absolute scale
of the ν masses. Neutrinos may also bring us new surprises, as they have done several times in the
past, revealing some new properties, or the existence of additional states. Theoretically, the challenge
of understanding the deeper meaning of the neutrino properties in a unification scheme remains an open
problem of fundamental importance.
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